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uncertainty? (2) likelihood; (3) combining events; (U) possibilities.; 
. (5) combinations; (6) arrangements; J7) probability; aid (8) repeiated 
' trials . (MP) - . ■ . ;■ . 
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PROBiffi'lLIfY FOR PRIMARY GRADES ' 

* Introdudtibn' ;;'.., " 



4 ' 



■•Wy-> D6;We JFeadh '. Probability ? ' - ■/ ' >, . [S . 

^ . ' . ■ V * . , ^ .N''v>'" ; ■ ., ' • ^r" ■ . ' • 

' , * '^e s-feudy) of' ]^r6babiiity •''has;'com^ to- be an important part' Of the mathemfitics ..; 

•curriculum* dn' higher levels. . Prob'^ability ha.s-,md.ny practical uses. It is- us^d in j 

'"making ''deqisiorik thg^i&lds,^ of .military operations, 'scientific research, .de-| ,. 

signing 'aria manufacturing m'achiiaes/ insurance calcUla1;ions, business^ predictp.bn5> 

weather forecasting, abd In -inany pther areas. ■ . • ^ ; 
• ■» . A- . ■ ■• ■ ' ■ • 

^ ^ Probability'* is,y of course^' also ufeed in .^^mes of chance. ^ In fact,' early, ; 
• ■ ^ * . ^ ■ . * *. ^ ' ^ .. » ' •• ■ .' •' 

•research in'^the;- study of ^probability' developed from a mathematician's, interest . . 

irii.9r friend* s unsuccessful and imprudent wagei:- ; : > . 

/ •• ** ^ ' • • ■ ' . '/ - -/^ * ' • . ' .• 

*lGba.ls-for "scho*c5l Mathematical-', th.ei repojrt of the I963 Cambridge Gonferetice, 

' ^ ■ ' . . * ...*'' ' \ : ■ ^■ 

r^coinmended -that spme*\ot th^bS.sic Ideas of probability should be j,ntroduced very 
early in 't&'^chool program, ■^nd.;the,'SchjdoL^Mathematics Study Group undertook . 
the devislopnierlt ^X^mat'eria^^^ grades kindergarten to high school. • . 



What Are Trying ^6 Do . In - Thig -U^^iit ? .. . • . .. . • ^ . 

' -^'^veh 'Sute j^PW^ ''children.. ar^^^ strangers' to probability on a practical. 
■ , ♦ - ,--7\''.- >J' \ ' - ^ .... • 
level. ;^TkeY''*h^Me .k)^^ "not ..very , likely" , and they play games/ using, spinners 

^^^'^ ^ • '-^^ ••.■\oj-v:^ *• .f - ■ • " ■ ■ ■ /. 

^o^t dice., • or .^gmes^^vhkch ■ drawing .a . card from, a shuffled deck . By the very 

'fapi\i)f^ playing the iame^^ children demonstrate their idea that they'^have a chance 
,'bi\-wiAning*equaL'td-tW the opponent. Take advantage of \heir offers t9 
>bring'*same" materials ••from home, and* discuss with the class any devices brought ^n\ 

■ It* is on 1 this le-^e"!, and with -these primitive idea.s of, "equal chance",^ . 
^ ^'betV^r <:ha.nce:% "not" W likely as", . "sure^" thing", etc. , that the unit: on prdb- ' 
abiiity for "'primary grades, is written. To use and improve -children* s intuitive 
knowledge' of whjgt. constitutes "an equal cl^ance" of "a better chance", and to . . 

• sho^--- though npt in 50 many. words that there"^^ mathematical justif ica.tipn 
for* many :of- their ideas will, it is hoped, make further study of . probability' 

• easier, more* d§si:^a"^'le, and more fruitful. * ■ , • ' 



How;-:Does the ..Unit JTt Jitp the . Glnera.1 Math^mat ien^ Prog^^am ' fo-f. the'" Primaiv^ G^a&fes ? 
• , ' . .\inyaddition to the f act- ■that/.probablDjdty^^ 

there^are dertkin if ringe benef its- to b^- derived froia 'the' urfit. ■ i ' i ' v - 

■ Ppst, it should be'.fun for the children,- and faking mathematics rup'-'is one 
.■wa,y t6 :imBr0y6 inst]^..ct ion . Perhaps, ^ecaus.r games are used as an., integral part , ' 
.of tfte; development of tH#^unit, some children .who- ha.ve -.heretofore not 'enj'py^d V* 
mathematics ;or who have "fourid, the work. tocT^ard irill become more intereste(^ or ■ 
will experience an unusual success, '. ' • . ■/ ' • ■' • 



Secondy one .of.^the goals of mathem'atidg- instruction is to promote systematic. 
.:thinking rather than "a hit-or-miss approach or ji»nping;tp conclusions. Especially., 
the lessons 'on .confcinations and permutations (a word not' used, in the -unit,-. by the ' 
way) demonstrate the advantages^.of a'.systetaatic appu^ach and; provide.' many oppor- * 
twnit-ies ■ for practice. ' •. ■ ' ' / . ■ ■ 1 ' • J .' , • ". 

. Third, pertain arithmetical skills mayl be practiced and reinforced. Addition- 
jfacts aj-e usfd in lilany^ lessons, • and subtraciior^;? and multiplication are r^(|uired 
.in.some_ of the supplemental^ \material. For thofee,. classes in wh{ch practice in 
the use of ratibnal numbers (cpmp'prison and kddition) is needed-^ ' there a.re , ■.' 
_ opporturiities galore. Children;4ft^a.ve hadl difficulty ' in forming or -interpreting ' 
additior^ and multiplication tables -may find/ Jhem easier to use' after this unit 

■ Fourth, , there -are o.pporttinities for indefeen^enti investigation -- one might '■ 
almost say "research"' -- by individual children. The teacher, too, -may seize ' -: ' 
opportunities to undertak'e more difficult, concjepts ' if it' seems .desirable with ■ - 
some groups^ of children'. ', - ■ ' ■ , -. ' ■ ' -.. 

■" ; ■ IT ... ' < 

'How Shall I Use This Unit ? ^ .''^ / , 

■ • Because-it- is as^.umed^.that ther;e #ia3 b^eip |io formai instruction' in probability 
in the primary grades", ,the';unit is not labeled .-j' grade one" .[or "grade -three", ' foi^. . 
example. , -The teacher shbuld, preferably ,^l6ok6ver -the •material in'' the' entire : » . 
.^iiunity which -has been written ^in sequeatial'formi' The .decisions as to where tp i' ' 
•start, how much emphas.is--0|- time '^o' give any lesson,' wh^ to omit^ - and how f atj: ',■■ 
.or how fa^t tQgo are l^ft to the te^bhg-i;'s Judgment-, cfaas interest and ability | ■ 
will, of coifrs.e, ,beJ^''d§terminin.^'actor^ ' '■ » - ' ■ I 



^ This unit- cona'ists of eleven lessdn.§ . ^. Experience^ iVdlcates- that ,LeasonsVl-5 
can be.- understood tiy. children -4-n 'kindergarten- and grade one 'While second grade '' 

■ ' ■ . • ■■ .'•'. \ :' -', ' ■ •^ •' • f . . • 



children, seem "aiDle to comjlrehend- -quite •■well .through Lesion 8. Pupils in 'third 
grade should«be' able to c^omplete the' unit, ,• However, it is difficult to assign-, 
lessons to specific grade levels because '6f the wide, variation's among and \K±hin. 
,grpups of children. Tlie teacher can best determine how: this unit can be us^fd.. 
It migtlt be mqre profitable to incorporaj^^ it with t'he present -matljematics pro-' 
gram throughout- "the year instead of completing the unit in a short period ftf time. 

. The object-ive/ vocabulary/maAerialG, -and suggested procedure are-given for 
eod^ lesson. The procedure is inteMed to be illustrative and not -prescriptive. . 

' ■ It. would be worthwhile to . stlAdy tV^SMSG unit, Probability , for the Inter - .. 
mediate Gra(^ , to see the 'development in^?h«^gra(^s . Also the junior high ^ - 
•lAnits, In^oductiori . to ' probability , Parts 1 and\ will be raost^ helpful. 'These- 
tw9 volumes contain a raoi'e sophisticated treatnient\of probability.- 



Wliat'.Materials Are Needed? 



-7^ 



Much-.of "theWerial the" child, will encbunterij/later studies of probability 
. will deal -extensive\Ly with the resul-ts of cpin-S^ing . or dice throwing. In ,this 
■ " ^^introductory unlV/coins and, dice have not. be.ei^;.;ij,?ed in the pupil text. The 
t ..- jnaferials necessary ^or-egch -lesson, are listed, -"^bi-ese include z spinners which •, 

■ are provided wifh this unit . , The • regions of these spinners, - by the way, are 

• numbered so that they' can bfe 'u^ed in. ..many ways for. .practice of .the basic facts , 
■ v. in arithmej:ic. For example, two spinners can be spun, and the resulting^ numbers 

added. EJch of :the three types' of spinners has a;. different set of numbers. Some 
activities employing these numbers have 'been .oiitliped ih the commentary, but the. 

- teacher is. encouraged to use her imagination i^tv<tlje ..development, of-'others. ■ Cbl-. . 
ored blocks and marbles and bags -to hold- them, crayons, Colored chalky coijstruc'- 

- . tion. paper, paper cups, - and tagboard . sre_ also used. J ' 
-■. .\a 'section at the end of this Teachers' Commen'ta'ry. describes various unusual 

■ ■ • devices about which children, should, have ncy preconcepjfcions and which, it is hoped, 

' will. stimulate curiosity and' interest . Some children can probably make or help' 
to make many of them. : Some of these, m&terials can; be ' used to supplement lessons; 

- • ^ others may be «used for 'individual work. ' Feel free to ' substitute one device, - . ' ' 

color,' etc., for another as . is' convenient. .- . 

• ., ■■ One last point: Children should ngt be expected to read independently the . 
. iristrii/tiou*' or questions on the pupll,,pa^es. It is assumed that these will be . . 
.read aloud and more detailed instructions given if necessary. 
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^ MATHEMATICAL COMMENTS 



i, tee id eg' - of probability . . ' • ■ ' ' ' p. 

• ^Some events are regarded-.. as certain: the ' 6un will "rise tomorrow, 
t^* coin wilL fall eitheI^sh4ad^ or tails. • ') 

\ : other events 'arfk uncertain/ depending upon chance fluctuations: it 
V ■■* •■ . , • I - • • . 

*\$ill rain tomorrow, the coin will fall heads. ^ r . 

♦ - . In everyday c^versation, .people frequ^tly ^^compar-e the likelihood 
of (■uncertalfi) events: * , ■ . • - ■ 

* -""^ \- They are all. equally likely. . 

.This is more likely than that. ' ,* • ;. . 
• I. think it will 'rain this afternoon, (it- is more likely to 
-rain this -afternoon than not to rain. ) * . ■ 

' In more scientific wx)rk, we^ compare likelihoods numerically . Every 



event is "Assigned a number describing or "measuring" its^ likelihood; >^^th^.- more 

likely "t^^ event/ the higher the number assigned to it., ^ TOp numerical measure • 

pf the", lilieli'hopd of ah. event .is called the' probability of the event The v 

" methpd .of assigning probalgilities to events and the study of the relations^ among 

them constitute the Theor'yX of ' Probabili^ . / >, . • ' . 

.■ ' ■ y ■ ■ . ., 

•A'comment may be in, order about , the word ''theory." In- mathematics., • 
the word is "used- to^mean "bodyXpf knowledge J' ' This is in contrast with its • 

' conversational meaning of "cory ectu^; as •when we say, '^e detect-ive had a 
theory about who fired the gun." The theory of probability consists of our 
accumulated" knowledge about probability. Similarly^ mathematicians speak p^' 
the. theory of riumbers^ the- theory . of groups/ the theory of functions of a real 
vai-iable, , etc . ' 'No speculation is involved. .Everything' in a- mathematical ' 

■theory is true.- .'. \ V • .' 

'^ModernV science, industry,, agriculture, and human affairs , all depend 
strongly upon the'theory of .probability, either directly or wia the. theory of 
mathematical statistics which itself is based- upon probability . • .The theory of 
probability underlies the 'biological laws of .he^'edity; . it is needed in funda- 
merital research in physics and astronomy .and, as. a matter of flact,- in working 
out.plans for travel into space; it ^s^d in developing, and. testing- new 
drugs and medicines; it is the basis of agricultural experiments that lead to 



improv.ed methods T 03^ the ftlntie.rj ^ .it guides the manufacturer, in CGntrolling , the ... 
qLVality of his/product, ■■t;hi=.^indiAstrial. laboratory in the^des'ign of new equip-. ' 
ment, the c^opomist "and. psychologist in -theif- ■studiafe of behavior,, the* mi li'tary . 
commander, in his choice of tactics. ^1' ' 

Prot ab 3. lity -.theory i^ also the Basis for analyzing games of ^^anoe.'- •• 
In fact,, the l-iieory' of probEibiUty had it^ origins, about' .300, years ago/' in-' • 

■ *the gqm-bling htills' of .Eur6p^ .Moreover, in explaining the theory and in work- 
ing proUlems, 'it ig -necessary/to toss coins and throw dice.' Occasionally a 
person will conclude, that to teach probability, is immoray .He realons: ".Gam- 
bling Is evil.. .Gamblers, have to use probability . ' Therefore 'we should not teach, 
probability.." One might- equally well reason: ^ "Gambling is evil .■ . .Gainbler^i 

. have to read, and write. ;Tliere/or^^" we should not teach reading or .writing.", 

■. .We teaijh probability. "not because' -of its possible misuse but becaus'e: 
of .its applications for .the benefit of mankind. . ' . . •.- 

■^.P'^^tVcularly important application- is tb mass behavior' where each 
individual action is subject. "to chahce- fluctuations. For. example, while the - . 
theory of - probability will, not feU us whether ttr? next, coin tossed- ^^111 actual- 
■.ly land hepds, it does tell^us that of . the next 10,000 tosses *:th-e. number of 
. heads will lie, with v.irtual c^tainty, between." i^500^ and .5500. . Despite "th-e . • 
randomness,- there 'is .stability In the ^hole. Th e' -principle a^des (v/ith per- ' ' 
h*aps different numerical-values), not only" in genetics and the other pure 
sciences but to ^ industrial and- social phenomena as well:' , to manufactured' items ' • 

■ rolling off . ah assembly line, , to a mass o.f vacationers deciding where to -gtop ■ 
fo'r lunch.' . ' . ' I 

2 . . How prol)al3ilities are found . . . ' 



The probability assigned to any event "^s, roughly .speaking, the'frac-. 
tion of the time we expect it to - happen .* The> probability of an event is, there- '' 
fore, a number between: 0 -and - 1, inclusive.. . Art impossible event is assigned 
the probability, o:_ (it nev^r happens.) ■ A. certain event 'is 'assigned the prob- 
ability.. ; i:; (. - 100 % ■) • An event • that .is just as likely to fiappen as hot to 
happen is assigned th.e probability ; for example, if a co.in is as likely to. • 
• fall^heads CIS tails- (and will never land on- edge), then.,the proba"bIlIty of head^ 
'is ■ - . and .the probability of tails is- - ". ' ■ .. 

. . ■ ■ ' . . i ■ ■ ■ • 



_ . . .Of course^ most of the eyents.^we study are more interesting ' and more 

VjLnvolved;.' than these. How are their probabili.ties determined? ,Tliere &re two 

*. ■ " ' ' • ■ . ■ 

^ ways:i>lDy observatidn/ and. math^ematically. ' . . , . ... . .. 

Prbbabilities that are detenKined by observation are of t^is ^;sort: ■. 

The probability that* a child born today will live through 7. 



■. . • its first ygfir . . ■ , ' ' . '. 

■ ■ ' ' ' Tlte probability that a tossed coin will land' h^ads 

'The first of these, is judged empirically^ from, birth-and-death records of , 
recent yea/sT The second is' obtained by considering the .symm'etry of the cain- 
"and checking with some' experimental tosses, , , 

Pi'-obabilities that can be determined mathematically are of .this sort:- 

. ^ ^ : The probability that at least 85 . of any ' 100, , children born ■ ' 

. . • ■ . today will live- through their first yeair, . . . . . 

■ ' The probability that ^f '100 tossed coins^ between HO.. and--"--^ - 

^ ■ - • . ' ■ ■ . ■ : ■ - ■ ... r 

1 • • 60 will land heads,- ' / . ;•' 

These complex events 'hre made up of . combinations • o!f the,, simple , events of a- • 
single child or coin/ whose probabilities- are assumed known (from observataoTi) ..-.^ 
The probabilities of the complex events' .can be cdiuputed from . thpse of. the' simple ' 
events, according to th'e mathaaatical laws of probability, . • . ' . - " - " 

We hope to give the child an appreciation of' both., these methods • We 
'have him' make judgments of empirical probabiiities by performing actual experi- .^^ . 
ments ^ recording their* outcomes^ and analyzing the- results. . We also guide. him^; ■ 
infonnally, to some- of the ideas underlying the math.ematrcal formulas. " . " . 

■ ^What is important, is ^the spirit.. : We^ wjgjrr^ develop in the child a ^ ^^^^ . * . 
feeling fpr the subject - an. educated intuition. If ' he l(^arns' to.make -quali- . 
•'tative. comparison^ Ipased. injmderstandihg, -we have succeeded. Jf the. best-h6' . ' . 
can ever do is perform qU^titaXiive /computation ~: 
iiave failed. . - ^' ' ■ ' - -'-*v. '\ ^-^ ■ • 



3 * \^ Comparisons, of likelihood . 



, ■ • " .- ' ■ - ■ • . • o 



Zi 



■ .; All-children have", had -experience in making informa.lvcdmparisons of 

likelihood, . arid -this is a. good topic tC) begin with. .• ^ • . ■ ■ v ' ■ 

. Example 1/ Which" is"'more -.a^iKe.ly on .'the- 

. our town) .. rain, .or snow?. 
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This simple question leads to three ' interesting, pdliit^ .ior discus ston-.-- V-v 

^ (l)' The comparison i(ts elf'' s^ the^^chi Jd^^ ."^.^ ^ 

Rair^ • is 'more likely, i^han sjiov because the i^th , of July is; usuaf]^' top^hoi'-fcSr-'. ^ 



snov« 



> • \. ' -\ ^.(2)./Notice th^ ve-dan cdmpare\yae likeli-h^ 
even^thoii^h take, into account, all possible .alt erna'tiy^s^-.-^ 

be neither rain .jao2r snojw-r ■ ■. ■ ' ' ■■ -:^-V .-.fr. ^. f - ■ : 

' /'c • "(3) The' livelihoods being 'compared mig^jb*VothH*e . 

In maijiy localities. the chances for ei^er rain or snov^aiie^vi^u^^ 
ve'-Qan_still;cQmpa?:e "the. one with the other \ . . ,/: '■ ' ' ^'r-;.^ ^■•^^^''[ 

^ ■ •, . / ExamJ)le 2. Billy is .a" very good student .•■ ■ Mii-c^ 

• likely to do in tomorrow's -test . - " passv- or failV • > " 

• I Hqre ••again' the compakson'is, evjtdentV^-gOQ^^ 

■not tail. \ . In this "-exampie .ther^ are'no* additional -^iterna'tives ^ '■ ■ . 

• * *' . V , Example' 3. Anevboy ^ha's ooijpted the -plass • -Mai^^ td'-gufess'- ^••"^ 
.■\ . his birthday.^ r^Uice is- to guess hoi^ m^ny broth ei:^ 

■; ;■■ ■ \ he'has . . Whp is mo»^ lik^l^ to- guess^ 



. ^ isiiue. ve . have np past fe^^ 

still easy, l^^t Ve ..use 'a.-diff ep^: metW-"^^^ 

: to ..choose ;from ■ and. hence iias more opport^Lni.ties ' for guassi^g' wong (.We doh^#:^ 
•even h^e tp' icbiint- .to, se^ \fhaj;..)^ Therefore^^^ice^^ /the on^ mor^. likely "^^^ 
guess r-ight^.. jn this example./ the most ; likely result' is that .the;^' will ^Dc^^t^^ 
wrong. . .. • ; . , ... / . . .. • . ...... 



. ..- / -^ Events^ being compared' may be related to . each' other in somr way. ■'■.ll 
Exajnpl€?^ 1, ■. rain arid snow*aTe related, in. 'fe^ sense . tl;at ^contributing ."causes 
.favoring one. alio favor/the^otJieaj^Another rel^ation between ' them\ is t^^^ 
exclusion:^ .they can 1 1 both happen, at /the samertime^^PP^^oVided Ve define ■ things 
right;). Finally, it may turn out that .neither .one of t^em takes {>laceV.. In'. 
.Exaiiiple , pass , and^ fail are strongly rel.ated.:'' - on'e pr othe^^ust bccur,^ 
to .not jDOth.. In Jbcample^S; ■ the:.t^ jesses are'not related' at alll • MaryC 
guess is of^V help to-Alice, hor -Al^ce's^^oMary/ On^:guess' could >e; right : 
while ^ the other Is: wrong r;. bc)th girls might" guess'right;... both jnight be wrohg. 

• . ■ .. -..In e^cli of these. ..examples, it cari happen that the less , likely, of the'' 
two events • occurs while the more Mikely one does -not v< -can. snow.; Billy ' " 



might fail, Mary may get the birthday • right; e^en .thou^ Alice .is wfong about 
the family/- , • 



, ' Example ■ k. When* Mary guesses '^e new bioy*s -birthday, which" 

■ ^ \ ■ (in her guess) is the more like^^^'to be right - the entire ^ 
, ■ " birthdg.y, or the moath alone?. 

■ This example- is faiiidamentally di#!Perent^.from the others and illus- , 

tfates* an elementary but important -principle. . rf'%he T>oy was born on January ' 
l^Pth, 'then he was born in January. It is impossible for the le^s likely event 
(feiUting the birthday)- to occur , while the more likely (hitting the lAonth) does* " 
not. in this case/ the comparison in likelihood is (^erivpd not'. from past ex- 
.periencfe or nuitlerioal considerations,' but from logical necessity* * ' 

■ •» .■,■.■ ... ' _^ : 'v ' : ..... ■ " 

^4-. \ ' Estimating probabilities by experiment . / , . . 

'■ . ' The probability of an aveht is, roughly speaking, the fraction .of _ 
' the- time- we expect if to happen. / . An ' estima^, then, is the fraction -of tije . 
■.time it- did happen, ( under similarjeonditions) .■ JRecords of^births c»^er a pe-". " 
Vriod of -years show, that th^" fraction of- boys is . .5 (to -vd-thin two one-hun- ' 
dredths); we conclude that the probability. 15 5 that the Jones's next, child, 
will",be a boy. . A major league, player has a batting average of .303; we 
conclude that the probability of a . hit his next time at bat is'- ;. .303- . 

Children will be less in-terested in tables af actual statistics than 
in performing experiments for themselves y>,;'An, -excellent, project is to estimate^ 
a pi*obability about which' they have no preconceived .notion; for example, the 
probability :thBt;.a -"'thumbtack, when jiggled and thrown onto the table, will V^- 
. come to rest on its head. (if. tacks, are too hazardous, substitute rivets, 
bottle topsj etc.) - . 

, : Jiinr estimate of the probability is the number of heads divided by 
the number of throws. 'How many\ throws should be made? Questions like this ■ ; ; 
can be subjected to delicate analysis, as part of. the theory of statistics.' 
Our . own dlscussior^will be much* more elem^j^ary. . ' \ 

Before plunging, int^p' the experiment with the tacks, - let us gain ■ " 

some Ins.ight by experimenting with the huinb\e coin. We iassume that the- coil) 

is "honest"- - that-is, the probability -of heads' is ^ . '■ 

c ■ At- 
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■ . • By the "way;- a fair toss or spin requires some 'skill beVond many • ' 

children, - A. little practice may be worth while' even for the teacher. If the 

• . . . . ^ ■ ■ . . «. 

experiment calls for a large number of throjrs^ and if you are not keeping ; 
track of the order, of "the results but only, the 'totals., thi^' the coins 10 at 
a' time. The probabilities, are the same whether the throvs^ are suaqessive or 
simultaneous. Not pnly do you speed things up/jfiip1^thd whole -.affair is easier 
•to controi: -mix by. shaking, in. your cupped hands ; and release gently onto the • 
tablei Cover the table with paper- to cut down* on noise. '(With some modifica- • 
tlons, you can keep track of order as Veil*.. For example, record" tlje results 
of \ coinsr in the order penny, nickel, dime, quarter.) , ' • . 

. .'.•Back to our- coin, -Let us toss it ^10 times.'. ( Or toss .10 coins, 
^at once.) "^ihce'the probability of heads is- , we. expect heads - the. time* 
a^-many tosses. So- we expect heads 5 times' but of "10 ' in the long run. 
But of course we cannot count on getting exactly 5 ■ heads *in our particular 
throw of ,10. , . 1 * . • . 

Actually, the most likely result in 10. throws-is indeed to &et . 
exactly 5 ' heads. But this result is not likelyl It* will' happen only about 
1 time, in iw - (The. methods ffer cs^lculating these probabilities will be gone 
into Ivater on.) . This' fact will come as a. surprise to most. ^children. But con- 
. fronting vthem. w^^th the theoretical quotation is' ijot enough. For the /fact to*- 
soak in, they should perfdrm<j( or observe) some actual experiments. 

Let us assume that in. our throw of* 10 we counted. 7* heads,' This < 
•i/ \ perfectly reasonable result. ( 1 time in 3 ve'will g.et et least 7_ . • 
heads or .^at. least 7' tall^) If we stop here, our estimate of the probability ' 
of /heads is .7.. - pretty ^ar off.- ' ' 

' . -.V. But ■ suppose we throw 100 times. To obtain a^ ma.ny as 70 hea'ds would 
be highly unusual. A reasonable result would.be something between^ ^4-3 and: 57 
say. jOur estimate would now be . sensibly near the true: value. ■ ■ ■ \ 

- suppose we throw 1000 times. To obtain as many as 700 -heads^ would be a 
miracle. Even -a. resuiy li^e . ^30 or 570 is highly improbable. A reasonable ' 
result would be something between ^75 and 525, say. Our estimate would now be' 
quite close. ^ 

•■ Arid now to the tackle. We lihrow 10 of them and , count 7 . on their 
heads, 3 on their sides, ^s the probability of heads .7 ? That would be a 
fash conclusion. As we have Just seen, we might well get the same coujit when 



■ -'the probability is • actually' .5 . So we make anotljer thfov of 10. And gnbthej-i: 

\: , , We don H.. know- Just- when it is safe to stop. In , fact, there .is.-no way o^' knowing 

when tc'stop. But we notice a^t.er a while - ■ perhaps, on ly^. after two or three _ 

■ hundred trials' - • that the results -start 'to settle down. ' We-watch the small ^. 
■ -■-»■■■ . -■ >- ' ' 

-csndom fluctu*ations get. swallowed up in the overwhelming' stability of the mass .• 
T— ■ ■ . • . ■ - • . V ■ . ■ ■ •■ ■ 

Then we announce' our estimate in a firm voice. - ■. .... 

. / 5-. ' • Equally " Xl^ely outcoiiies * . . " 

■ Let us; throw a die which/ ve are "assured;, is. honest ■ that is, any.' 

.. . ' ■ one of the six faces is as.. aikely to show as "any .other • Then ea.ch face will. 
\ ' ■ .appear, in the long run, | of the' time. H^nce the probability of a^iy partic- 
ular face, on a given throw, is ^ • The probability of a \k, , for irfstance,' 

■. '.. • • IS z • ■ • ■ ■ ■ ' 

' : • . ' .This example illustrates a general principle. , Suppose that an ex- ^ 

perimynt -can result 'in any one of -a number of outcomes, all" equally likely > 
• , ^ Gall the totel number of possible outcomes n.. Then th^ probability of any par':- 
;■ . ticular outcome is • v. .w- , . . . 

^ ■ . • In the example, the experiment is " the. tTirow of th;e die; . the possi- 
;\ tie outcomes are. the faces:' 1, 2, 3, ^/ 5, 6, -£11 o£ v^u^ are equally lik|]^; 
■ : their number, ^ n, is 6 : and the' probability of any particular outcome, - , 



.1 

6 



.. ■ In.- throwing the di.e, what Is the probability ot a number greater 
i%an. >. ? In other w.orA?, what is the probability- of Lhrowing either. 5 or 
b ? Each of these,\appears'(in the long^r.ub) ^/ of the time. Therefore one'or 

the other appears | of tl^e time that is, ^ of the time. So . the-proba- . 

' . • ^ • • , . . 1 

bility of a nbmber- grea.tier than' .4 is^^^^.. ^ _ ^ 

' The principle here is an extension/of tJhe.^ one' abpve . Suppose^ ■ again, 
. that, an experiment cak result: .in. any- one of.#i number .of outcomes, all eq^i^ally 
likely ; • call the t6ta^ number' of possible outcomes' .n. " Certain of the out- 
comes are "favorable" to th\ event' we are interested in, ^hile the rest are not; 
th^it. is, thfe, event takes* place .if one of the favorable, outcomes occurs*^ but not 
pthe2:mse.. Call the. number of favorable outcomes s. Then the. probability of 
the event is ^ (The earlier principle handles only the special case in V 

which s = iO , ' ' ^ V . . ; . 

■ ■ ■ ■ ' . . , ' , • « . 
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\ In words: the probability of the event Is equal to the •number ".of 
favorable? outcomes .dTvided'-by- the ^total number of possible outcomes. *. 

, .: In the example, the experiment is the. t^row of the die; the^ pos.si- 
. ble outcomes .are 1, 2,^3, 5; "6, all equally ' likely ; n *= ;6; 'the' event- of. " 
. interest is a number greater than 'h; the favorable, outcomes are 5 ■■ and G)-. ■■ 

• th^re are- tvo favorable outcomes , go s. is' ^.2;- and the probability pf th^ - - 

" • ' 2 ^ ' ' 1 ' ' * ' ' ■ * 

event '— • • is -r >' that is,, -r . . ■ " ■ ■ ' • ' . . ■ " ' ■ •,*.">• 

. ' n . .o ■ \ J' ■ f * ■ ■ ■ : * ..■"*. ""^ 

■■ • . * . %t is instructive to test these "conclusions by'actual experiments . 
' Mafte a lar^e number ' oi^ thrpws and. check that a. number greater than % comes up 
about ' i. ■ of the tim^',, ■ ^ ' ' 

•We have described, two methods for obtaining^probafeilities : ■ empifi-. 
. cally, and- by cbuntring equally likely, outaom'is •: In applications it' is some- . 

times haM;to tell whether various^outcomes really are equally ■ likely . ,^is 
' problem, discussed in the next section, will lead to the tjuestion of "hoV:^ 
probabilities , are combined to obtain new ones. * ■ n" 

■ • ■■■ < ' '■ .'•„.■. ■ ' ■ • . ■ • ■■ • ■ ■ 

. 6.. Probabilities of combinations. ■ 



■ Suppose that we are interested in the number of heads, shgwing .on a 
throw'of two coins., .say a penny and a dime^ There may. .be none at all, or ,tast 
1, or 2. Ane .these.: three outcomes equally likely?-. If youare in any doubt 
at all about the answer, .make ^50* throws and see what happens. 

. : It is a commoil pitfall simply to assume that outcomes presented in 

a natural way are equally likely.' : The ^ saf eguard is .to cons id.er. them carefully 

and supply a reason in support of the assumption. • . 

■ i> ■ ' . . ' . • 

The danger in our problem is. to be swindled' by one's own language. ' 
Let us replace the dime by a .checker. Even better - keep the'clime,' but just 
say "star" for its heads and "crown"' for its .tails. .On a thrpw of the two coins 
th^re are", i^- - possible outcomes: heads-star, heads-ci*own, tai].s-star, tails-* 
crown;' and there is not the least doubt th a t these' outcomes are all- equal - " 
ly likely . Their original names are heads-heads , heads-tails tails-heads, 
tails-tails (the first word in each. case referring to the penny, , the second to 
the dime). It is. now clear that the probability of 2 h^ds is r y the prob- 
ability of just' 1 - head- is - , . and the probability of 0 heads is -jj- . ' 



Er|c ' ^ ■ . lis 



. / 



■ Whatsis* ^tha situation with 3 coins....- say a. penny, ^ a nifckel/.^nd 7^ 
• \'4±W^^^ whart is the probability that. , exactly ' 2 fell- heads.? Each " 

; ••cdi•n•^^^^ in either of' '2 ways,, independently ofvhowthe other 'tvp. fa 11.^ ■. 

^^ilticigetheir then, the'^'- 3 coins' can-^fali -an e x 2 X;2\iW \:8^r^ possible w^ys/ ail ' 

• ''^ y^-'-^.-- r^ M^^iially likely ,^>Tliey; *&re: ' ^ • . ■ ■• '''''y' [. ' ■[■\^^^ \ ■ . ^ ' ■' 

Her'e*"*'H '■■•denotes heads, and ^ T -tails; the first l-etter in eacfi triple refers 
J''0 :^,-tb; ■■■the penny, ^ the second' litter to the nickel.^ ..and- ;^he 'third .to- the dime^ -- -In it • 

■ '.V./i^-'ilthls iist, we haveV^^ the' .results' as follows: ". :^irst, the outcome- cons-ist- 

■:/V■^-^ ■ . ':■ , ^ . . ■ ' . ■ .^• /• ^.. ' . .. , 

^ ■•■'■•^^^ beads'; next, the .outcomes with justvk 2./ heads^j' , then those- with • ' 

i^K"-"'-" ^ "^uslj 1 head;' - then th^ one with..' G heads.' Ther.e!^;a^ with^just-^2 heads. 

. ■ ■ ■ . . "^'•merefore/the 'probablli.ty ^o .exactly 2 is . q :.■ the 'npmber 'of 

' - favorable Vutcpmes divided tpD^f the total: number of/'/but comes . - ; - \ 

; /: •" . : • ■ ^ ■. "T^is is;'a good^ t 



throw them' •20 ;.. or ■.■30. tijnes/\:and see what ha-pj^^^ 



. '\ . . . .,^^Lbqi;ing .bas^ should be cilear. .why the' -nymber of favorable out-'- 
"comes- (those. yields 2^. heads) is- ;;!3,. . That .is .precisely/the number 

. of Vay-s .w'e can' s^lect 2- .Coins ( for heads ) ■■from-the 3 coins : as penny-aj;id- ; 
... nickel* . -fkHT) , .:^penny-.and-di^ne (-HTH) , ■ nickfe|i-and"dime X^HH) . - ^kewise,^ just , 
3 of; thev^ 1 ;-:head: , penny. ' (HTT), ,ni5kel ^ (THT) , 
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dime . i TTH) .- •Finally, ther-ie'^^. just I way , (HHH) to. pick,. 3^. heads, .and 
just: 1 way" "(TTT) to picfc'-O.' "heads. . 

.•J^e. :re.asonirig. .in 'the general casie. is .^similar. Suppose, we tc^ss ■ n ^ 
. coins Each; Dh fall in' either' of .2 I ways,. -independently of how the / 

•others, fall. -'.Altogether ,v then, the ,n coins .can' fall in ' j • : ' • 

• ■ • • ' . . * I - . • • ■■ . ■ . 

U> - ■ ' ' n ■ • ' : 

' ■ 2 X 2.x ... ^X 2 2 . ^ ^".""^■^ t .- 



1 



Ln 



; factors ■ . . 1' ' . .' . * > 



possible ways, all equally likely . Consider any. number s ■between; 0 and . n, 
inclusive. How many of . the 2^ .outcomes yields exactly s heads? Answer :■ . 
^- the number of ways of selecting .s " coins (for- heads) from n coins. The' 
bol for this number. is 
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•*(^) =■ number of ways of selecting s objects* from . n ^objects. . 

s . ' 

The .probability of obtaining exactly i heads on the throw of n . coins is,' 

then' •(^) / 2^ : the number of favorable outcomes divided by the total number 

■ ■ . . ,';S ■ • . . • ■.. ': \ ■ ■ ^ 

of outcomes. ' '. ' ' ^ ' ' ■ 



-fy^^'' ■ : • t^The- syik)ol 'C^) ■ is^r^d. ■ ^ above '^s^'*: (not *"n- over. s'O . ,It ■ 
^ •■. ^ ^ *■ -v ^-^ •/ . ... 

is not .a; fraction, ev6n. though j.t. look^. something .*like one. It i^ spetrf^l 

symbol-j /th% one mo^t' popular among mathematicians; fpT the number o^; ways of se- 

ti-ecting/ s- objects from^ n objects. 'In place of (^)'V' some writers use'' 

CCn, s ) • or* •C ( "the number of Combinations of n*- tilings taken s at^s3 ' 

tfime")'. . . None ,of :ttae. symbols is' used in'; this -teaching ma-Perial.- " ^ • ' ' . 



7 »: ■ • Comput-in^ / tha number ' of combirfq.tion's ■ * ' ' . ' \ ' 

• We. haj/e to knov hov . to compute ^.( -) -for^ various valu'es of .n ajid 
s . . Wh^en n a^id ,s are ismalL, the computations ar^ easy, .-^For instance, the 
.example' of the ' 3 coins snovs that- (^) = (^) = SV ' 'and that ,(^) = (.^). = 1, 

, It. is clear tha\t . (^) = 1, (_) == 1, and^sQ.on:' ( ) = 1 whatever." 
"the value "of n; ■ for, there is just .1' vay of selecting., n.. objects from . n 
object^ . (namely,, choos-e tfiem ail). It is also easy to , see tha^^ (q) = 1, (^) = 1, 
•and so on: (^). =^1 for. every Value of n; for, thei'e is: jUst _ l^way of se^ 
lecting 0 object's fr6m h ^ob j ep±^^( namely, omit .them' all) . .' • , " ■ / • 

■ . \ . ^ Next, .we see that\ ( ^j^) = .1^. . (^ = 2,,' . ( ^) '= 3^ and so on: ( -^) = . 

whatever the value of', n; .for, there are just n vays .af -'gelecting. a: single 



object . /from n objects . (namellr^. pick any 'one ■of them).. There' are also' just 
wayg of "picking . n'rl objects .|rom- ' n objects (namely,-, omit any one of them); 



.% 

/ y 

" therefore"'' 2/ - ('2^ ^ = n.' , 

■■ '■'/ ■■■■■■ ' ' .-v" ■ ■ , 

' ■■ For the n^xt observation, consider aS' an illustration, the case . 

. .n > 10, s = 8. (Suppose; .for" example, that we are interested in the nimiber of ■ 
ways 10 .coins f^an show exactly \ 3-; heads .) ^ ..Far each selection of 8' coins. 

, for heads, 'there remain 2 shoyimg tails. vA'different' choice of 8- head^ . ., 
yields a different' ronaihing' set af 2 tails. "If we. run through all possible- 

■ selections of ^8: Coins," then (from those left over in each case) we simulta-" 
neoUsly run through a;il poss.ible se|Lections';p^^ 2. . coins. It follows .that, there 
are exactly as many; ways oi* choosing..' 8' coins ; from 10'- as of choosing 2 . 



coi^Trom .10. .Therefore ( -f?) = C"lf) Simiiarly, (i/) = ( i^)') ■ and. 

10 • 10 ■ ^ ■ ' • ' ' . ' 

( g. ) . =■ (, ^ .) . . The reasoning :here' is Vgeheral and yields - the general' formula 
. n-s' s^ . , 



J 



Ik 
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r 



■ vThe-yslues. .of '''(g) 'inic.i*^'«se-'&arp!risiftgiy r,afidlyv ;^Pof:'. example,'. " 

i^^) . -' 2,-598;960'-/ . and/<^^)' ■'=.-• 635, 013 ,^59^600.. ■.(These ^rfe .the'>uriiber of pos.-/ 
»&ible 5-9ar^ hands aM, the .number of'^ppssibl^ -^^^^ • ^. 

. Small vfeiu.es. "of (^)'*,are easy to calculate by means bf^^feite so-' •• 
•called '"Eagcal tri'an:gle> '^-^^ named for the mathematician Bl&ise. Pascal (1623 - 
1662)-.^ The- triangle &t.aTts out . - • . ' - - - . • . " 

• \ • , ■ .■ - • ■ i ..--i v>-; - . ■.• •. - . .■■ 

' ' I-.' 3" 3 --^i . . ■ :.: : . ' ^ " " \ 

■• ^- ■ \/ V -^-V' 

. ■ -. . ■ ./ 1 ' 5 10 10 5 . 1 ■ . . . 



representing the vglues of 



^0^ 



(?) 



(J) 



0 
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and can be; continued indefinitely. 



^ The arrows shovn. illustrate the^ method by which new :values are 
generated.. Each entity;, (if. ^^dqt the- first 'or last in its row) ' is., equal t6 the^ 
&um of the two nearest it in the line. above. In the illustration^ 6 +'U =;10^- 



representing. (2) +.(^) = (•^)' 



'3V =, ^3' 

To -see. why this.. works'^ think of a'mari with his 
From the a . team of 3 are to be chosen to gather kindlings. 

The number. of possiljle teams i3||^then^ : {^'^ 



ing . t Wp . 



sons on a camp- 



Now^ either Dad. is .on the team^- 



. If Dad is not "on the 



or he isn't. ■ If Dad is on, .the. xeam> then ^his . 2 partners are chosen from, among. 

the h boysj , there are ' (2) ways of choosing them. 
;team^ then 'the , whole team gf .3 is chosen ■from among the 4 .boys; thiere are- 
. (^) ways of .choosing them. Mtogether/ then^ there .are (r^) "^(v) ways.^of .. 

choosing the team. Consequently/ -..(^Z 3 ■ * » • ' - 



A formula 'for computing • ( O is given at the .end of the ' next 



section. 
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One'w^y to chpck one's arithmetic, when calculating from- the tri- 



hgle/: is to see 



-hat 



the. sum of th"e^ entries in- the n 
th 



th: 



row is equal %6 2".* 



^br example.; the s:um in the* .5 . *. row is 



.' V . i *^ 5 
^^is rmi^at' be so b 



+ 10 + 10. V 5 + 



.1 .= 32, = .2^ . 



ecause, as we" saV on^page. I3 ^. there a.re 2; possible out-- 
coi^is^; and. in adding -across. »the r>^^; "row,- 
ounting- u|p these is ahte outcomes (the- number" with- •£):• h-eads / . the num-' 



ue are o 

,1)$r; with.' ,1 'hfead; and so on ) . 



[ By- tihe way^ the entries in 'the -Pascal- triangle, arise, in " algebra" 
iwh'eh^ppe piultiplles 'out an. ^expression- like (H + T.)- '." :The result Ms: . ' 



-'Th.e coefficients. -\l/5/10, 10; ^y],!- - are precisely the entries./ in 
oVder; -in the 5- . row' of, the' triangle. M^^eover, the' exponents show i?he . 
. numbers of - occurrences ; ' For example, the "ifc em \iOH^T^ Ogives us . the infonna- 
. tion that there- are ^ ,10 way^ of getting 3 heads^ and 2 tailg- .(in a throw 



of ■ 5 coins 



Permutatioris . 
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•A- p emu ta tion • is an ordered arr,angement . One- often find^ it neces- 
sary, .to know .how ^many. permutations- are possible.'of a given, number of objects. ' 
For'. 2 objects say. the digits "1^ 2 j- there .are just 2^ permutations: . ' 

12^ /and ■ '21.: ■ For 3^- , there .are 6 permutations:" < • " - ' " 

' : '123,. 1321 ..213^ 231; 312,;321. ■ - ■ ■ ' ^ ". " . 



For' example^ there -are*.. 6 ways that Jim^ 
-clear the table^^was^ the dishes^ and dry 

' • The number of permutations of. 
equal to. . 3 ,X 2 X' 1.' - (We could write ' . 3 



•-Th 



e' reasoning goes- like this ■ There -are 



.With each such choice',, there are- 2 ways 
je^its (in the' 2 remaining positions) . Hence, there are . 3. X 2 /permutations 



of 



a^ir. 3. 
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Dickj and Sue can be assigned. tO' 
the dishes .(one to a task)'- 

. 3 objects'- is 6'^ because- 6 is' 
X^2', • but 3x2 X 1 looks better.) 
3 choices for the. first pd^i'tion'. \. 
of permuting the . 2 . remaining" ob- 



20 



Tl^'e jnumber. of. permuisations of- objects . is ■ h X 3" X 2 X. 1 2h. ' . 
' : ^. *' ■' ^ ■■ ■* ■ ■ • " " ■ ■ . . 

Fori thefje -nre -.U choices for first "position. With each such choice,.^ th.ere •" " ; » 

• are-^;3'><.2 X 1 ■ .= §. " vays' (^^ 3. I'OTaining objects (in the: 3, ; " 

Remaining ppfeltions)'., Hence" there* are ^ X 3 2 >C1 'permata1>ions^ of 

• .Similgrly^/the n^bet of " n objects is equal " 

,the" producKof a\l the numbers from n , d-own. to ■ "1. This ^ number -is 
"n-". factorialV^" '*nd: is denoted by .til ' ".'For* exampley 1!. •=/l and 21=. 
•2 ><J 1 = 2. -Also*^ as 'we have.-seeny • * • ■. ^ , " ■ • '. ' • 

-V --^ ^- 'V/Si-: -i^/'^: x'2, x^^i^ '6' '.;,- . . 
;and'. " - "^z.. •■■^V.;'' /• r ■■ 

^ .;■ \ '^l .^^ ii X 3>< 2;X''ir-= -^U.., . " ■ 

These expressions^ as well a? the. reasoning' .that, led tq-' them; "^ugge&t 'how/to. 
compute each* new factorial from .the preceding one. 'fn computil^/ kl \, — f or 
example^ we .dd£*t have to multiply but X 3 :^*]2 1. . if we'''already 'know tha 
3T , = -3. X 2 X 1. " = 6;^ inst.eMj i^e 'say ^ more simply/'. " . 

- ■• \ ■ •• - ' . : . \ J ^ .. ; • y ' >:v . ■ ■ • , 

The saving becomes clearer as sodn^ as one deals ■.with lai;ger numiD.ers. Here- are 

• . • ■' .■ ■ "■'.■■.'■■■«.»■. ^ "-.^ \ ' ' ' / . ^ ■ , ■■ 

the next few factorials: ■.' » ' . ,* ,v V . . ^ . ■ • - 

■ • ■ ' ■. .. 5!. := . 5 X^il! \=_^.X 2i| ';= /l20; . • .'1^ ^ 

/ ■ V. 61" = :i6 x^5! = 6 x'i20 v= .q^O; 'c'/'- ' ' > ; - 
'7! .;= 7x6; ;= 7'.x T20' \5:,wq;. ■ 
■ . ■ - '.8!- h 8x 7! =: 8 x 5,oMd. .n^,*320;/:' 

. ... ; 9!' = ^9-x"8! • = • 9 X .liO,320 .= "''362,880j.;-^ ' . ■■ 

it)! ■ =. 10 X 91 = 10 X 362,880 ■ = 3,628> 800v 

As. is seen^, the numbers nl • increase more xapidly than most people might" 

guess. Suppose that "10 children come up to sharpen their pe.ncils . There 

are more than three-and-a-half million ways o.f ' deciding, yhich^ child will -be . ' . 

■ first ^ which second^ and.; so on^ down, to which will be last! .. (No ^ond^r-we use 

an" exclamation point!). .* ■*• . ■ ^ . • 

X ' n ' ■ ' '\ ■ ' ■ ■ 

.-. , ' Factorials can^be used to compute. :,the numbers - .(g) • ' Th^ f oi^ula is: 



s s 



l(n-s ).! 



For Example ^ . 



2! h\ . : ^3^ 3.! 3! : . . ' • ' \ 

and so on. In the actual' calculations, .there is always some cancelling that ( 
can. be done^first to -simplify the work:, ■: : . j, ■ ^" '■ 1 



.^There^ is one detail tha*t. sometimes looks strange at fi^rst. So far, . 

we ha*7fe.not said what 0! is The . definition given, above 'for '1! , 2!', and. 

the others does not* work for Q^! .;■ ■ tl^Sfefore vO! need^ a separate definition. 

The .definition given is: 01 ^ 1 The- reason for this Is to make the formula 

for (^) -worA in every case For example: , ",, • " 

s . . . , ' 



■ In ■ these Goncluding sections we descr^^be some of ".the basic? ru:les^\ 
pf .probabilrty . , . .. • • 

* We shall, use the letter ^ P as an abbreviation for "thevpirpbability 
of-".. 'In place of "the probability .of heads,." for ins.tance, we will, wl'ite 

* . PCheads) ,. '■ ' . 
(The parentheses .are there to' help' the eye. ) : ' '. * 

' ..- . ■ r • '. ■ ■ ' ' ■ ' V •■ ' . ■■ • ; . •■ 

Suppose wonder whether Blliy will pass or . fail - tomorrow:' s; test . 

* He -may ^^be .more likely ^j^' do one^th^n the,.dthel*'; ^^^P^ndlng on circum$.tances . 

.But in any case, two' things are. clear:*- he can't do both; . and' he must do. one 

■ ■ . ' " ■ . '■ ' " . ' • ■ . ■ ... ■'^ . ■ . ' 

or the . other .\ Then the 'following' is true:. , 
/ •• • P(pass) + P(fail) =.1. ''V - w ' * • 

• ■ .." . ^ ■ , ■■ . ■■■ ■ ^ . V. H • ■ •.• ^ 

-ien^Ht 

must haye one 6r the other, and cannot have both-... Then 4's ' 

. ■ , ■ * ■ . ■ -f*.' . \ 



The rule is. this. An ^ event' either happensJ^or does not hapji^pii. .We 
other, and cannot have both-... Then 

' • ; * , ■/ • .P( it happens) + P(it does not happen) .= 1' ; , '■• 
.mpye "briefly, . - ' ' '. -'^ f ^"v- , •• 

. ■ ■ ■ . • P(yes). + T(no) = • 1 . ■ ' ^ • • , 

• In .a typical problan, we know one of the .values on the left /(the 
first, say) and solye- for the., other: . '.*. ' \ . 

■ . ' P(no) .> ■ 1 - P(yes) ; v ' ' . " ; ^' .. . " . : 

For example, if the probability tha.t Billy passes is .6-^ . then the probability 
that he fails is .k If the probability that Dad. takes Jim to the circus Is. 
■.3; then' the probability that he doesn't is .7 "i . • • , . 



18 



22 
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.^There' is one detail that, sometimes ' looks strange at fi^-st, So far, 
we ha7fe.not said what 0! is.' The definition given, above for 'l! , 2!', and 
' the others does not' 
The .definition given 

for "(^) -worA in every case For example: 



lat 0: IS.' The definition given, ahove for ai , 2:', and. 
b' work for (/! .;■ • t^^fefore Vo! need's a separate definition. 
?n is: 01 >^ 1 The reason for this is to make the formula 



'S' 

1 ^ 



^ 0! >r , "0! * 



"*'■'••* "■ ^ ■ ■ ■• ' ■■ ' ■ . • ' ■ •• . • ■ 

' Yes or' no.. . , ' i,; , " ' . ' "■ ; ■ 

■ In ■ these . GGLncluding sections we descr^^be some of ' the basic? rules^v^ 
.. of probabilrty. ■ ' . . .. ■ • ' • ' ' 

■ • We shall, use the letter P as an abbreviation for "thevprpbability ' 

of.";. 'In place of "the probability .of heads,." for instance, we will, wl'ite 

. ;, . . PCheads) ,. ' ... - 

(The parentheses are -there to' help' the eye.) ; ' V " ' 

Suppose wonder whether Biliy vi'll pass or . fail - tomorrow:' s; test . 
" He ..may ^^be ^more likely ^j^' do one'^ thjlfn the, .dthel*'; ^^^Pending on circumatances . 

.But in any case, two' things are. clear:- he can't do both; . and' he must do, one 

■ ' ■» *' ■.■'* '.' ■ ' ■• ^ . . . . ■ .' 

. "or the. other.. Then 'the 'followirig,' is true:. , 
4b •■.<■■■■'■■ ' 

P(pass) + P.(fail) = , 1 . V . ' ' ' '■ . 

I 



The rule is. this. An ^ event' either happens'or does not hapjfj^p^. .We 

. ' , * . ' , " * . '• . ' '-'/'f.., - 

must haye one Or the other, and cannot have both-... Then -A's;'. ' 

. ■ . - * ■ . ■ -f* . \ 

• • ; * . ' . , ■/ P( it happens) + P(it does not happen) . = 1 ; , ■ ■ ■ 
■ .mpye t)riefly, . \' ■ - ' t 

. ■ ■■ . •. P(yes). + T(no) = -l.. . ■ ' ^ ; ..; "v, 

■'■ ^ .. In .a typical problau, we know one of the .values on the left /(the 
, . first, say) and solye- for the., other: . '.*• ' \ . 

■ . ' P(no) .■ = ■ 1 - P(yes.) ; v ' ' . ' ; ^' .. . " . . : 

: For example, if the probability that Billy passes is .6-^ . then the probability 
that he fails is If the probability that Dad. takes Jim to the circus Is 

• -.S; then' the pj:*obabilj[,ty that he doesn't is .7''^ . ■ ■ . 



18 



22 
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.^There' is one detail that, sometijnes ' looks strange at fi^-st, So far, 
we ha*7fe.not said what 0! is.' The definition given, above 'for 'l! , 2!", and 
' the others .does not* 
The .definition given 

for '(^) .worA in every case For example: 



la.t 0: IS.' The definition given, ahove 'for , 2:", and. 
b' work for 0^! .;• • t^^Sfefore Vo! need's a separate definition. 
?n is: 01 >^ 1 The- reason for this is to make the formula 



'S' 



s ■• ■ . . ■ "• \ ■ • ■ •■ ■ ■ . ; ' ■ •• . ■ 

' Yes" or' no.. . , ' ' ;" , ' ' . ' • ;•■ 

■ In • these , GGLncluding sections we descr^^be some of '.the basic? ru:les^\ 
..' of probabilrty. - • . -. ' ' 

■ We shall, use the letter P as an abbreviation for "the; probability 

of.";. -In place of "the probability .of heads, " for instance, we will, wl'ite 

. . . PCheads)',. . ' ... - * . 

(The parentheses are -there to' help' the eye.) ; ' ■. * 

Suppose wonder whether Biliy vi'll pass or . fail • tomorrow:' s; test . 
" He ..may ^^be .more likely ^j^' do one'^ thjlfn the.. .dthel*'; ^^^Pending on circumatances . 

.But in any case, two' things are. clear:*- he can't do both; . and" he must "do. one 

■ ' ■ . ' ' ■ . "■ ' ' . ' • ■ . ■ ^ . . . . ■ . ' 

. or the. other Then "the 'following.* is true:. , 

P(pass) + P.(fail) - . 1 . V ^ ' ' ' •■ . 

.' ■ .." • . ^ . " ■ ^ . V. H ■■■ ' : ^ 

lens/t 



The rule is. this. An^event' either happens/or does not hapfti^p^i. .We 
• ' • • • . ' ' '\*'f.i. ■ 

'■ must haye one Or the other, and cannot have both-... Then -A's ' 

. ■ , - * ■ . . : -t- ■- ■ 

■■ ^ ' > . , ■ \ c - J, ^ ; 

' • ; . ' . , P( it happens) + P(it does not happen) . = 1 ; , ■ ■ • 

■ .mpye t)riefly, . - ■■. i-, f .,*'•;. , 

• P(yes). + T(no) ='1.. • ■ ' ^ "v. 

^ - In .a typical problau, we know one of the values on the left /(the 
• ■ « • ■ . . • • ■ 

, first, say) and solye for the., other: . '.'• ' \ 

'■ . P(no) ; = ■ 1 - P(yes.) ; v ' ' ; ^' .. . " . . : 

: For example, If the .probability that Billy passes is .6-^ . then the probability 
that he fails is .h If the probability that Dad. takes Jim to the circus Is 
••3p then' the pj:*obabilj[,ty that he doesn' t is .7 ' ^ . ■ - . 



18 



22 
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.^There is one detail that sometirnes loo: 
we ha^fe.not said vha.i 0! is/ The definition giv 
the others- does not" work for Q^! ■ t^^fore Voi 

01 1 The r( 



The .definition given is: 01 ^ 1 .. The- reason f 
for (^) -vorA in every case . ^ . For example: 



' s ' 

1 ^ 



5\ _ M 1 
01 >r :. /O! 



. ■■ ■ ■■■ * ^ • ■ ' J< ^ : • 

■ In-these Gancluding sections we de^cr^! 
of probabili'ty. > ■ ' •.■-.* 

• We shall, use the letter P as an abbi 
of."., -In place of "the probability .of "heads, " , for 
\ ' ■ ; , ; PCheads) ;- • ./ ' • . V.^. 

(The .parentheses are there to' help' the eye. ) : . 

Suppose wonder whether Billy vi'll i 
He -may , be , more likely i(p,^ do one" th^.n the-. dthel'V 

But in anv r.Pi^f^^ two t.hnncrc: nTf=>^ r»1pn-r-. n^^n'-l-. rl 



.■■ Certainty aiid ^ Utic'ertainty 



■..V 



^ . ■ ■ * . • • • . •. ' ■ " . . •■ , 

Objective ; ' To call attention to the> fact that some .events axe predictable* 



Voc^abulary; 



Material^: 



whereas others axe. . imcertaiia . 



. While 'many words might be included 'in . a vocabulaxy list , the '£act • 

that a child uses ":sure.'- instead of '^'certaiia"y .or "not very likely" 

instead of- " "improbable^^ should not be alarming'. It is important — 

tjikt he heye. the id^as from the- lesson, but" not that he say"^partic- 

ulax-'vords,.. Therefore, you should feel free to. use expressions^:.^ 

' -whiGh'are meaningful' td the; class:, v Introduce words such as ^ . v 

• '■ - ■ .... . • ' ^ : \ ■ ' ■' .• 

forecast , predict , and -. uncertain, but do not insist on. the chi"!^ 

' ■ • . .■ : ■ : > • ^ . ■ : . • . . 

dxen's using them... ■ ; ; . • . . ' . • - . • 



,51opfcs (some all. one .color, ^bthers of the same size and. shape bu^i 
,bf different, colors); nori-transpaxent cloth bags; checkers i5r 

■ .counting disks marked with a crown on one side and a' star on the 

■ other. ■". " ■;■'*' • ■■ 



Suggested Procedure ; V ' ' 

. Time, deyoted to. this .lesson should be detenjilned by the interest and under- 
standing of the cla.ss. For some childrisn, tfib idea of the uncertaint y of some . . 

evehts may be obvious, but for* others It may not . Activities jsuggested ma.y.'^be 

■ " ■ ' • ' . . .■ ■ >,■,.■'■• • '. . ■ 

used. on different days. ' " ' 

Lead a discussion of the ^certainty' of- some events in everyday life as 
opposed .to' the uncertainty of others. You may wa.nt to introduce the' idea by 
questions like the following: 

• Ca.n you: tell . something that's going to happen tomorrow? - . ^ 

Do you know what a. fortune 'teller is? •^ 4> 

;"■ ' ' ' "' ' Do. you think it's going to rain? 

. What kind of car will come around, the comer .next? » 

Will we come^ to school-on Sunday? 
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■ ■' . 7 ^' V . .. Certainty arid - Uhcertaint: 

Objective ; ' To call attention to the- fact ' that . som 
? ^[ whereas others . are. iiricertai^ - 



Voc^abulary ; 



Material^: 
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. While 'many words might be included in ; 
that a child uses ^ ^!;sure;'- instead of ''*c 
InsteacL of- " '^improbable *\ shoulcj. not be 

' tjikt jhe 'he.ve. the id^as from the- lesson 
uiar-'Hords,".., Therefore, you should fee 

" -whiGh ' are meaningful ' tcj theV cla'ss:. v in 
• fore cast J predict ^ and-.urtcertain, but 
dren's using them.,. f J . • 

, ^lop^s .(some all^ one .color, -.others of 
,bf different; colors); nori-t'ransparent 

.counting disks marked with \a crown on 

other • . ; ■ ' 



•S£V ^.f^y of you had more Cs than S's ? 
How many hkd more" S's than C's ? 
Who had the largest number of . CVs ?. * • 
Who. had the largest^ number of S's ? 



EupU page '2t This page repeats the^ first activity and should go more smoothly. * 
' Compare the results this time with those> the piipil^ obtained on the first 



pa^e. Ask questions as before to 'develop the ^dea of certainty and uncer- 
tainty, and discuss pupils' answers to the eight questions. 



c 



Pupil page 3: By the, time pupil completes this page and discusses his 

answers to the questions, he should, understand that the Qhecker is "fair", 
that is, that one side is just, as likely to come up as the other.' He also 
will know that he can't be certain which side will te up on the next shake 
or spin. You may want the pupils to add to show the total C's and S's 
they obtained on the three experiments and -to find the total numbe,r of 
, times they spun the checker, .• /' 




}■ 
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Shakfi your checker in a cup or spin it and let it stop. If the • 
shows, put an S^^in one of the boxes under > . If the 1^ shows, , 
put.a C In a box under the 1^ . 'Stop when one set of boxes is filled. .. 























V 




r ■■■ 









\ 





























• 


1 , 





1/ How ^any C's did you make? 

2. How many 's did you make? v' • 

3. How many times did you sprln or toss the checker? 

4. How many more marks are there in one set of boxes than in'the 
other? V ' • • 

5. VVhich do you think another toss or spin will show, a ^ir or / 

/ .t^' ?___■ . ■ '^\y : 

6. . /Toss or spin again. Did you guess right? : 



M n w l pr<; try a gain S h a ke your checker in a cup or spin it an d let 



it stop. If the shows, put'an S in. one of the boxes' under 
If the shows, put a C \x\ di-b^ under the O . Stop when 
one set of boxes is fiHed. . 



1. Did you get the^^irfe results as last time? 

2. How many times ^id you spin .or toss the checker? 

3. How many S's did you mcike? - 

'4. How mahy C's did you make? 

5. How many more marks are there in one set of boxes than in 



■~4 



the other? 

6. Which do you think another toss or spin wijlMow, a -sir- or 



..Ti ■ I;. 



t vl-.' 

7. Toss or spin again. Did you guesyright? t - 

8. Can you. be certain which side of the ch-ecklr; will be up? 7c ^ 
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Shake your checker in a cup or spin it and let it stop. Show in the 
boxes which side comes- up. If the side with the iJf comes up, put'an S 
i n:^4 bo^- If'the 1^ comes up, put a C in a box. Stop wii^n all 



boxes jape filled. 













♦ 







1 














■ ■ ■ 



L How many iV's did you see? 

2. How many 0''s d fd you see? ■ ' 

3. How.fTiany times did you spin or tos$ the checker ? C^ 

■4, " 
5. 



What is the difference between the number of S's and C's ? 
Guess what will come up next time you spin brtoss. 
6. Spin or toss again. Did you guess right? '■, - . ■ - ' . . C 



7. Each time you do this, is jt uncertain which side will come up? 



, LESS0N.-H)2 
Comparing the Likelihoodf p f Various Events 



' V 



■ Objective : To show that some events are equally likeVy^ and that some events 



are more likely than others . 



Vocabulary : Equally likely, more likely, leds likely, probably, .chance. 



Materials: 



Colored blocks and bags, as for Lesson 1; .' large spinners for use 
-at--the-^ront"or~the~TO-om*-vith-^^ — ^■ 
and- (b) one-fourth red, three -fourths bluer (see the la^t sVction 
of this commentary); smair'.-spinnjers and markers such as a. bean, 
piece of corn, or bit of colored jpaper for. use by the cMldren. ." 










red Y 


V blue 


y 







I 
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Suggested Procedure : ^ 

Discuss' the fact that although some events are not absolutely certain, we 
say the'y' are- "very likely" or "almost .sure" to happen. In a given season, . .the 
weather, is v^ry likely to be warm (or cold|. It is mt; certain that there will 
.be milk for luinch '(because the triick might break dovn).,',but - it's- ^.Imost certain.. 
You cannot be; sure you will see at least one car on the way home from school, 
but; you'd be veiy- "much surprised if you didn't. When we say .gome thing is 
probable , or that it will probably, happen, we think it is more likely to happen 
than not. There are some things that are not very likely to happen, ^^but they 
are not impossible. . Other things- are impossible (the cow jumps aver the moon, 
for instance). Use examples from, children's daily life of moi-e likely and less 
'likely events and' of things that are. impossible . • . • 



■ ■ ' \ . LESS0N.-i)2 
Comparing the Llkellhooqf ,|of Various Events 



' V 



A 



■ Objective ; To show that some events are equally likejLy^ and that some events 
are more likely than others. 1 

Vocabulary : Equally likely, more likely, less likely, probably, .chance. 

Colored blocks and bags, as for Lesson lj\' large spinners for use 
-at--the:^ront~ot~the~room'-vlth^^ — 
and- (b) one -fourth red, three -fourths bluer (see the la^t sVction 
of this commentary); smair'-spinnjers and markers such as ^a bean, 
piece of corn, or bit of colored jpaper for. use by the cMldren. . 



Materials: 










red Y 


V blue 






— -"""'^ ■ \ 
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Suggested Procedure ; *^ 

Discuss'the fact that although some events are not absolutely certain, we 
say the'y' are- "very likely" or "alnlQst .sure" to happen. In a given season,.. the 
- weather, is v^ry likely to be warm (or cold|. It is mt;- certain that there will : 
• be milk for Oiunch '(because the triick might break dovn).,\. but. it's- ^.Imost certain. 
You cannot bei sure you will see at least one car on the way home from school, 
but; you'd be veiy- much surprised if you didn't. When we say .gome thing is 
' probable , or that it will probably , happen, we think it is more likely to happen 
than not. There are some things that are not very likely to happen, ^but they 
. are not impossible. . Other things are impossible (the cow jumps aver' the moon, 
;. ^for instance); Use examples from, children's daily life of moi-e likely and less 
likely events and* of things that are impossible . - , ' 

ERJC 



the 



the 



^pinrief an4 show the pupils the result. 



used and' checked to. be ^ure that the pointer is not influenced by the position of' 



spinner.. 



Large spinners must also, be carefully 



Use Spinner A. Ask . children where tney have seen spinners befo.re and why 

..they-.were- used. . . Develop t^ idea that spinners, select "by chance", because the 

•{.peri^on- who spins c&nnot know, in advance juat where the jpinter will stop;. Ask 

/..•children whether' they can tell which color the ^pointer will stop on. (No.) 

Is. it more likely to stop on ijed than.o^ blue? (No.) 

Is it less likely to stop on i{ed than on blue? (No.) 

Are red and blue equally likelly? (Yes.) 

^ Have .each child spin it once and keep a.^ record of the results oh the cha-lkla^aTd 
Discuss thes^ results, bringing out the notion that red arid blue are equally 
-likely 



red 


bl 


.ue , 


// 


/// 


■ 



. -Use^Spinnejr B and repeat. Discuss the'se results .'.'•Ask. if blue and red are 
oow- eqiJally likely; if red is less likely than bluej if blue is more^likely <, 
than red. Let children tell, in their own wr(3 
than red. 



rds why they think^ blue, is more likely^ 



Suggest pl,9y.ing the same game with blocks es in the preceding lesson, . but 
•this time explain.. that you. will put :^pWo green blocks and one yellow block into 
the bag. . There will .probabljr be a protest from tfifes-children whose team».would 
get' -a point for & yellow block. If not, let one pair of teams play briefly;^ 
record and discuss the scores. . ' 
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Pupil pages Oipi page ^ children can/pass the spinner, to another pair as they 

.finish. Keep a;- record on the board of the number of winners, and discuss . 
with the class the fact that the pla.yers- are Equally likely to- win. ^ If "ydu 



think it is desirable, the game can be 
ing a different color this time. 

i, ,. . Most players yl 11 probably not re 
beca.use the spinner is. -'upbiase'd'' .. Be 



played again. with the children- choos- 



ach' the' top or the! bottom on page 5 
ca.use thls^.is the" first time pupils .' 

u ■ ■ ■■■ 



keep track Of , the spins by marking an X in the circle/ they may need , to 
.. • be Teminded to mark orle circle each time "yiey spin. - In discussing the . fouj? 
questions, children may be surprised' to see how few in their room actually 
rest.ched "stop", and how many, times the marker moved first in ojie direction 
• ■ ■ and then in .the Other . . <. ... „ ' - ■ . . 

^ , : ^ Page 6 is similar to page 5. Record .on the board t^e^- number of pupils 
who ended on red, on .bi^e, ali the "Circus", and vat "Clean Your Roofti". . Let 
them 'discuss these results/ 

Pages 7 and 8 use the * one -fourth .red, three - fourth ^ "blue spinner. Dis- 
cuss the atnswers to th©*"^^uestions/ on these pagers . Ask children why so many 
' • ■ ■ ' ■ ---v • ■ ,..; ■„. , . ' ■ ,' , • • ■ ■ ■. • ■ 

-.. more of them reached the. goal here than, on pages 5 Q-r^d o. ■ 

Pupil pages 9-10: These two pages will. help you evaluate the childiren's .under-- 
standing of the first two lessons. For some of the items, such a.s 2, .3^ ' 
and 5 on page 9 ^ there are many answers' but these indica.te tha.t the child- 
■understands. 

A discussion should follow' the completion of each of these pages. 



Optional - Further Activity - An - Experiment . 

Some children might profit. from this experiment. How many times, on- the. 
a.verage j do you think you have to spin a one-half ■ red, . one-half blue spinner 
before it points to red? 

-Spin the' one-half red, one-half blue . spinner . gnd' count the spins before .you 
get. red. If you. get red on the ^f irst spin, write .1. If you do not get red 
until the -^fourth: ^pin, write h . ■ Then start over Keep a record in columns of 
.10. >eds each. When you" ha.ve recorded the number of spins for ten reds, add the 
number 'Of , spins needed, and divide this sum by "'10 to find . the average number 
of spins needed. ' ' \. 

..Does the ..average change much from one coluiriii- to. another? Add the sums for . 
five columns (50 reds) a.nd divide by 50 • Is this average greater or le^s than 
\2 ? ' How much greater or less? 
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Chi ldren- could arr ange their..re,cm:d_iJX-th1 s fcSrm 



10th red, 
9th .red 
8th red 
7th red 
. .6th* red 
5th red 
Hth j-ed 
.3rd' red 
*2nd red 
l^t red 



sm 



SUM r- 10 



Number of Spins to' Get. a Red 



■ the 



Frdm this experiment, moreji^ature youngsters could gain some feeling for 
.stability in large numbers and the randomness.- of the smaller samples. 



f -V ..1' V 
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A Race 



Use the spinner 
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11)1 n n o 1^ 

Winner 


Keep it flat on the desl<. 

1 . ' ■■ \ ■ ^ 

' J You and another pupil race. 




winner, 


* 


> First color the raqe track red or blue 
/ ;•• as shown. 






Ofie pupil chooses the red track, the 
other the blue track. . y .• 




. ; . t' 


Each pupil put a marker on start. 


. ■ n . 






If the spinner stops on^red, the pupil 






with the red track nroves one space. /^^ ^^'A 






If the skinner stop^n. blue, the p^upil ' ; ) 




i 


, with the blue track fhoves bne space. 


— — 




; Take turns using "theisplnner/ 


. ..... 1. 






V Spin until one PMpll wins. 




■ ^ • ■ ■ 


o 
o 


; X V Now start the race - spin. 






o • 
o 


• 


v'" Repeat Jf your teacher direct! 








* ? 


^, Keep track of the winners. ° 

, . . • • '. \' • ' . ■> ■ ■ ■ ■ ' ■ *■-.;. 






-. . " ■ 




• ■ 








"■• ■ ■ 

* ■ . r ?■ '. ■ * 




- 'Starts 












- '' if; ■ 




. . ■ . * >' 









■'■r.-.'i.sr-;;' 



Take a Walk 



stop 



3 



4 



Home 



stop 



■ 'if.. 



Color.the sidewalk as shown. 
' ^ .Do not color the space marked "Home". 

Use the spinner: 




Rut your marker on Home. ...... 

If th6 spinner stops QTi jed^ move 
down one sp^ce. If it stops on; • 
blue/ move ug one space. -Put: " ' 
an )c|l^lDfie of the circles e^ch : 
timeypu spin. When^ypu fill 
the circles, put ah X fn the 
space where your marker is. If ' 
you get to the tbp^r the bottom, 
do not spin again. Put an X in 
the space where your marker is. 



1. How.far f rom llgme is your marker ? 



2. Where" Is it - onVe^d, on blue, or back Holrie ? 

3. How many puplflSin youfrgom are on blue ? _ 



4. According to:the rules, how fan-from 



Home (:oujcl^you_get ? ^ o ^. 
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'mm. 



Use thie spinne# U- ^' x^&lne circus or cleaning your rooin. : > 

^^^^^^^^ \ : the choice as shown. 
- ^3^^ start. If/fhe spinner 

; stops^^n^^ move one sp^e toward 




v:;i:-^^he spirit 

M^ . ^ iput ah^ X^^^ th^cirCI&'htre^^c/f^ 
/ • each time yotfspin. . - ^ 

r- If you getto?Gjrcus" or "Clea^n, ^ 



youc room.". 



if you :fill in il l|0fi:the cir^lesv stop: 



aind mark witr^v^^^^^^ 

MS. I ^" 





/' 



^: Another 



CD 



^ stop 



Usethe 5pinner: 



./Red, 






Bluey 



Color the sidevyaik as 

DfO not color the space marked ; 

Spin. If the spinrverj^^ps on red; 
jinove down one spac§;;3f it stops on 
bl ue, move • u£ x)ne space. . ' -''rji} 



V Put an X ;p0t^9'bf. the circle 
I'r^iipe yo^^l^^ When ydu fil^the, • 
cjrcles, put an X in' ttie space 
where your marker is; .If you get 
: :p to the top or the bottom,, do not spin 
again; Put aTi X -in the space 
.Where your marker i^: 

1. ;where djcl you end - on red, on'blue, or back . - ' . 
Home? , f:'^ y v :"v \t Zi^^'^' ' v;.- 

2. How many'pupili'-ln your, room did not get to ^ . ' 
. either end? : . . . ■ . , * : 

3. How many pupils stopped .on red? - . 




4. Do you th ink more pupils should ipave 
stopped on red th an on bl ue? - 



er|g 
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AnotherChoice 



Uiethe spinner 




Younnother gives you another choice. If the 
spinner stops on red, move toward I'Clean your ro'om 
if the spinner stops^on blue, move toward "Circu's", 

■ 2 ^ ■ 



Put an X in one of the circles here each time 
you spin. 

If you get to "Circus"'or "Clean your room", 
stop. ' 

If you fill in all of the circles, sto£.and mark 
with an X .where your mjarker is. » 
Spin. ' ' ■ 






Color bl 




r. Start ■ 


— Co 


lor red; 






1. 'Ota- "^d" get to the ci reus ? 

2. How many pupils in the rooFt) got 
to the circus? ^ 

3. How many:had to "Clean your 




Circus 


Clean 
your 
room 




room"? 



4. How ^many pupils in the^room did^> 
. not get to ejther end? ^_ • 




■ i.' 



. Color the^bfocks in the bafc Tell Hiiw^STtajii^^ittl^olocks you would 
put in each bag: "f /^^^^ ' . 









1. ^If I iA/ahted Wivave a n equa Tcha nee ofydrawing red' 
. or blue, I would put in / V^d blocks. , 

2. If I wanted blue to be more likely than red, ' 
icbuld put in / ^'<b red blocK > 

3. ,.If I wanted blue to be less likely than red, ^ 



I could put in 



red blocks. 



4. If I*vi/an1^^^ an equal chance of drawing red or blue, 

• . . ■ *' . -1 

I^wou Id put in red blocks. " 

5. If I wanted to be sure I would draw a red every time, 



I could put in / ^ t r 



a t 



6. If I wanted to^be sure of drawing a J^ue block, 
I wou ld put in _^7_ red .blocks. - / 

7, If L wanted- to be sure of"drawing a blue block, 
. I would put«in r red blocks. 



erIc y 
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Color Ihe blocks in the bags blue. -Tell tipw^many red blocks you would 
put in each bag: -J . 



a 








1. If I wanted to draw a red block about as often as 
a. blue one, I would put in J . 

2. Il l wanted to draw a red block 3 times as often 
as a bl Lie one, I wou Id put in ^ . 

3: III wanted to draw a red block half as often as a 
blue one, I would put in / . 

4 If i wanted to draw a blue block every time,. I 
- would put in ^ - 

: ■■' ■ V; ■ 

5. -If I-wailted to draw a red bibck everylime,. I , . / 
could put in / y^^/<^^^ . / 

6. - If I wanted to'dravy a red block twice as often as a 

blue one, I would put. in ^ . 

7. If I wanted to draw a red blo'ck;onelhird of the 
time, I would put in / . • , / 



Brain Teaser: I have a bag with 3 red blocks in it. If I wanted to draw a 
blue block |' of the time, I would put in . .^ blue blocks. 



■ ■ ■ ■ ■ . ■'■ 
LESSON 



Coint)ining Events : This One AMP That Qhe 



•Objective : -To show that probability may decrease when two events are both 
• required to happen. . 



A' 



ERIC 



Vocabulary ; Both, . and. * • . . . ; ' . 

Materials ; Two cloth bags, red./and -blue blocks, several small, spinners with 
dials half -red, half-blue. ■ ' - 

Suggested Procedure : ■ " . ' ■ ■ . • . . " ' 

; (NOTE; ' Because the concept . involved is hard for, children to verbalize, an" 
attempt is'me'd^ here to provide experiences which wij.1 lead>^hem to thfe desired 
conclusion. _ The games suggested will probably require more than one class period. 

They may also be played on such occasions as rainy recesses*) . ^ 

■ " •' ' ■ ' ■ * ' . -■ . ' ■. ■ 

Game 1 . Divide the class intcf two teams or into several sets of two .teams .s^Give 
each set of ^ two. teams a bag with one red block and one blue block " in' 
member of^a^team, without Rooking, takes a block from the bag. If it is red he 
.scores a point for his team, but if it iS' blue, no point is scored. The block- ^ 
is returned to the bag and the bag is shaken. ^ A player .from , the other team ' 
then gets to draw. ■ Players on the two teamp continue to take turns, until, each 
team has had " 20 draws. The points are recorded, on the board in the box for" 
the first game. . . . * : ' 



Team A 



Team B' 



First Game 
Second .Game 



Ganie 2 . Nov^ provide two bags for each .pair of # teams. Each bag ^ritains.one 



red block and one blue block as before. Play the game again but^ this time two 
members of the same team, each using a different bag, withdraw a block:- In 
order.to score a point, - both blocks chosen fnust be red /""The points are tallied 
on the board in the "box for the s'econd game. ' The blocks are replaced in the 
bags from which they were withdra,wn, and 'two players from tM" second team get 
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to draw. S Each team gets twenty turns as before. , Compare the number of -points 
.scored.'ln this game with th'e scores in" the. first game. ^The j^ecord. might now 





look ..like this : 

.' • ^ ■• . " '' 


Team -A 


, Team' B 




First Game 


mm I 






■ *■ Second. Game 


mi 


: iiir , 



If there were more points scored in the second game than in -the first 

■ (unusual but not impossible play the game several more times We would 

■ each team to score about It) points in the first game and about- 5 .point's in" 
. the second game • , '-V . . . . 

Discuss .the two gomes with, the' class, .', ■ 

Is it more, likely that' both members of a jjeam will get a red ' 
.block than that one'^^ll? - (No.) ^. ^ . 

• Is it just, as likely? , (No.) ■ . ^H^^* V '•- 

. * Is it less likely that both players on a team^ Wiilv'^.e^^^^^^^ 



ilock than that just one. will?' (Yes.) 



... ^ 



Game 



^. (Pupil pa^e ll can be u^ed now'of,^y(?tt..-Gen,:&se>vit 'wh&n^^^^^^ 
V-jii^geme a second time. )... .P.3^-ayo;.>a^ ^se the • 

<^*.>-half-red, .half -blue spiruiei^y'^nd. a- teainmat^e^/dnaw^.a^ -To score, 



the spinner niu^^ ■'^toy:6tf^ed: alia a- red block 'mu^ be' wit'Hdr'a^^ Record the 
^points as before '^'CSi the board. " . .. . <r . ^- 



ERLC 



Team A' 



Team 



. Fir^t Game 
Second Game • 
Third Game 





W1 li*J 1 


m i 


nil 


ill 





Did the result of spinning*^ave any effect on the block that, was 
chosen?.. (No.) . « • ,. 

Did\)ne thing ha.ve anything to-do with the other? (No.) 

Was Billy just as likely to . get . red as blixe when he used the 
spinner? (Yes.) * , 



..Was Sam just as likely to get; Ted .as blue when.- he took a blopk 
out of the bag? (Yes.) . " ' 

• Is it just as. likfely to:.get red bot^ times' as" it ; is to'^ get red 
■on one or the. other? (.No.) \ • > .", ' 

Jack, tell us which is' more likeVy to happen in this game -.■- to 
get red both times or to get red Vjust . once / ' ' 

'EoifT are - .the second game , and the third game alike ? 

Pupil page 11: This page can. be used; with- the third game when that game is 

• introduced, -or it , can: be used .as a class activity with. Vo: teams ^ when the;V 
: game-is played for a second time. ■■ f ' , 

Pupil pages 12 and 13:. ; A discussion of. these .two pages after childrei;! ha.ve "^'^^^^^^^ 
.. .. 'completed them should help pupils understa,nd that it is. less likel^ that' 
two events will both happen than that, a given- one" of the two will happen. 

, Some children might enjoy making a problem' for their 'classmates similar 
to number 6. on page I3. 



/ 
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Spin and Draw 



Use the spinner: 



Put a red blocl< and a blue.bloci< in a bag. Have 
two teams. One player J)r^;'ieam A spins. Then 
another player for Team A withdraws a block 
fronrthe-bag. ^ 

To score, the spinner must stop on red and a red block must be withdrawn. 
l|p)i^ J Play until each team has 2a.turns. feams 

|il|j||ni K^ep^score in the box by using tally markS; 




Team 


Team B 




' ■ t 



L What; is J^^^^^ A' s score after 
^ 20 turns?: > ^ 



2. What is Team B's score after 
2THurns? 



■ ,iAr:e1^i|ust as likely to get red as blue wheii you spin?|^:^^^-^ 
-4%^'^ likely^q draw a red block as a blu^JSdlt:f|^|££^ 

^ ' ^ ' ^Ibin have any effect on teblock tha^ 



^ '^i$:^HioisS^^ii\ n have a ny effect 



n M&l^^i^'^etled both times. ■ ,''.■•■■/', . , ; ■ -^^^^^^^^^^ 



•Vi' ■ • 



just once.. 



ERIC 



tew a red ring around the namevofievery animal-that has four 
■ ,;legs. . Draw a blue, ring around th| name of every farm animal, even if 




N ■ . ■ ■ ■ ■ \ • ■ ■ ■ 

1. I drew ^ red rings. There are ^ animals with four legs. 



2; ■ I drew * S blue rings; there are , ^ / farm animals. • ^ 

3. words have both a red and a blue ring around them. There 

are 3 animals which are both farm ^mals and haye four legs. 

, ■ . . ■ .,.>■• , ' ■ , ■ ■ ■ - ■ . 

4. Are all animals which have four legs farm animals? yTtc^. . 

% Do you think there are more animals which have four legs^^^^^ there 
are animals which both have four legs and,are.farm ahirji^js? 



13 



Look at these words. ' D/aw a red ring around every word that has 
the letter a in it. Dra w a blue ring aroynd every woi^d that has the 
letter n in it, even if it .already has a red ring. • 

about -begin e^^^ do / each ; 

} father • hand him always banana 

■' look V make my ■ penny . " one , 

ran ■ we where 'work you ^ 

• . ' ■ . • . ■ ■ ■ " f*^ ■ ■ ' 

^1. / words have the letter, a. in them. . C 

2. ^ words have the letter n in them. • 

3. c ^ ^ words have botlT the letter a\id the-letter n inthem. 

4. Which are there more of words with red rings, or words with both 
red aiTd blue rings? rings, ■ 

5. Would you expect to have more words with both a and n than just 
with a ? . ■ - 

6. In the Wicks family there are four Children. . 

Guess which Isto^ likely: . - 
? ^ (Tlj) Each child'^ name has an r^ i^ 

■ (2) Each child's name has both an r and an a in it. 
Here are the actual naiiJk of th,e children ; ' - 

, . Richard Frank Dorothy Mary . ' > ' 
took carefully at each n^e. Did vou quess^correctly? " 



r 



-. .LESSON" k ■ ' ■ . . 
Combinirig • Eveni^s ; This One OH That One 



Objective ; To show that^ xgrob ability, may increase when either o^e vr^^^i^^^^^ 
." . * another (o;r both) 'is acoeptable, " . 

Vocabulary : Either, or, ' . , 



-^ H^ateria.lis : Two green blocks, one yellow block, b ag , small spinners with dial 
■ half red,- half blue. ■ ' ■ " ' . \ - 

. Suggested Procedure : ' .: ' 

' ■ ■ ■ • • . ■ • ■ ■' . " ■ . ' ' . ,'\ . ■ ■ 

Recall games ih which children have more than- one guess, (Seven-Up, : Dog 

and Bone, etc.)' Ask Whether these games give a child a better chance to' win 

than if he. had just one guess,. ■ ■ ' " . • . 

Tell the class that you have .one' block in. the :bag, Ask a ch^r^jcL to whisper, 
to you what color he thinks it . is. Without tel^ng him that he is right or • 
wrdng,' ask someone else to whisper his, guess to. you, - Discuss the fa.ct that 
there are now two chances that the color^was guessed, 

■ ' Which; is niore, likely: .that either 'Bob or Bill^ guessed right . 
•\ . or just that Bill guess'ed ;right ? (Either Bob or-Bill. -- at " least ' 

.one of the two.) ' ' 

!• Divide the class into two teams • Use two green blocks and one yellow • 

■ . . • • ■ . ■ ■ ■ , " 

block in a' bag; • To score a point for his team,, the pla.yer. must witjhdraw the 

■ yellow blo.ck. The block is returned to the bag after the draw. "All the chil- • 

^ ^ .■ ■.■ ^ ■ 

dren -.can.; keep a 'record^ of the points in box ■ I on Pupil , page "Ll^. . ' _ - 

• . ■ ^ .> ; ' • 

II. . Play the game again. This time "allow the. player to' select a, second t.ime . 
without replacing the first block, if his first choice was not the yellow block. 
Children gen record, the points in box II on . page l^.-"" ■ 

• III.. ' Play a.; third game. , In order to scare thi-^/;|:ime, the child must use the . 
half -rred, half -blue spinner first .an& then withdraw a block. If either the 
spinner stops on red or ..he takes the yellow block, he scores a point. ; If .he .' 



V gets /both* desir^"d'.r^ the isc^re - is still orily^^oh^?^^^^ Record the' "points. / 

•"in box Iir brv^'^llge^^ same number of turns" for each- game . • 

■■ ;■• . ■ Discuss the results of these three gaip^S'-V-.'* Nite, f example, thiat in- .the, 

*■"* • .;. ■ third/game in. -which a point is scored; «e ith^r . f or'' r^d ori the spinner or. for a. 
• ••i^y..:^^ block, the scores are higher than -in. the; f irsi->fl|^ame'." . The garrfe'S- could . ' ..a^^- 
r played again if you tharxic it ; is desirable . ^ - . ; ^ " ; •• 

•i^S-':?--^- ■■ ■ In .probability, "either, oi^" also means *'Or both'*, so OQe thinks, "Either , 

• ■ vjf'.f .this, can happen or that can happen or both can happen." This is dififferent from . 

Vv'li'-^ii'' ■ , . , \-. • •^■'•■;. * 

way- boys a'rwj girls ha.ve leaitied-''tG^'lri^'.^ the teiTn/>^',4i'ther,or" vhich is 

*.v-.v;V;J^^^^^^^^^^ this 6r"'that biit notvbbth. " If a parent,- sa.5rs>'^:''" You may have milk, oy 

lemonade,"-' a child' does na't*- understand this to rhea^ "either, or, cr both" ■I^,.-^^^^^ 



i 
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good illustration bf the 'mathematical meaning in a setting familiar to boys and 
.girl&-J.s rather diff;iSj^ltv-;t give. However, discuss the fact .that sometimes 
wheiT^ou say, "Either this mfey'happen or.tha.t,.ma.y^". .it .:afe'v.;j(.oseible 'that both , 



things wiiL f^apf^ii- If* Mother s fyijd^^^^ " Eit he r we - will have a;- xiicriic^o'n; Saturday 
br y<s^.'1^ft^0-1^^^ drive-in for dinner^ " she might also deci40:- tha.t you* would 



first' have%!^pic:nic lunch and then^.^. to the drive.- in in the Evening. 



in this discussion/ mfinisioh t^fe^ if you.>teGt" 2 ;'blue' blocks and ■ 1 red^^v-'.- 
one in a; bag, you might draw a blue one either the first, time or the . .second •;■ 
time, or both. ''"^ . . ■ ' 

■ ; Sometimes, however., it i^ impossible for both things to' ha.ppe'n./ Either it . . 
will rain tomorrow or.it won but not both. In game/^^ --you .mi|ht:..pi , • 

yellow block on t]ae first draw, but if you did you couldn't also get '^it c^^p^ . 

•-second draw (becanse it would rib longer ^e .an the bag).. .Of course,, you fiigh^. 

. not get the yellow block at all. 

: ■• • ' ■ ■ • .' • .. . '.. . . ■ • .■ ■ ■ 

... . . ■ ■ ■ , ■ • ^y:. ■ ■ > 

Pupil pages ,1^ and l6: .Children are to draw rings around the words as ±ndii^:^^^^jSrT' 
- .The questions are. to help them see that if the situa.tiQn is . "either, 03^*^;s^j •. *; 

there are more possibilities. tham'if it is *",both,and". This ca.n be devel- 

■ ' ■ . ■ • i." . , ■ ' .■ ■ : . ^ . c ' • ■ .• ^ ■ ■ 

. ^ ■ : oped in . a .discussion of their answers. 

For some 'children you may want to. add these questions for page l6: h^-^^s' 
5* 'what , is the sum of the .answers to questibns on^'-and two?, . 

... ."(^^+^ii-=. 190 /V' ' -^r. ■■ ••j;--:'^ 

6. • From the an^vei: to question f ^ve^^i^ubtract the -answer to v 
: ■ •question;'^t5fe:^e. • (19 - 5. = Ih.) ■■ ; . 



■ ^. .7. (ti^^^^^^^ ;Ciueg^iqn, six; the same as the answer to one of •• . 
.. v . ■ '^|Ke ■:<ifeh^^ is '-, 

; • ,y •. ' /"'i.-^vy^ 5 \w'',b.aili5 th^^ ,of:. word;s with ■,^l:?,^:,ietter 

' . '■ ''SiiV/-6/ or the letter , e; ifi^jrhem. ;^'We ^ubtr^.dit;i^ : 

-'rthat have both; ;- s •^Bnd-^^ counted- 

; _ ' ^"tyice.i ■■•./;• -^''-^MM^^^ . ■ " •■ 

. Pupil page 17: Thi'^"-' ,^ej|ft?;^^ close *'supe;i^^ 
complete the section jlymder^ 

second spin in the pi-o^^a^'-^doiumn After "^hey hayevh^^ for " 

16 sets of two. spins./' "tfeey then record th^Bev-Onde^^^^ Resu],ts . • - 

■■[./'[■ Each pupil im^^ work carefoil^^ to tally the0fe^^co3?x^%ly in the four columns 

■ because he soiii^'}iimes;.makes .2 • tallies for' a r6v.V. and sometimes, 6 

■• For' example, ;a .red on thjs first, spin and ^a red on €he''' second spin wduid. . . 
■. •. : . *v marked under , Red , and ^ Bed , a.nd . also under . At, least -one Red , [ If the- . . 

> ^^'^ i^^^'^^ spins had ^beeri^ blue 'iqi^.: the ^f^3:^!^.;^|iin- a!nd ■ blue ^ on:::l^he^'.^ep6i^^ - 

■■v.?^^^^^^ prily^- li;-^^^ ^ No ^. fed .; " This .wiil^^fe :• 

;^•fr.^>^.-oi>^ ^'^^^ do a-fr'f#^^^ /^iV;^*^'^) . .^.^^ 

. Ifouc air; check- rather quickly .by -noti^^^ is made- in- ti^ 

third' column., No. Red, then' there' should '^'be 'nb' ;^^*k s . in the ..others- p 61 
. for that rov. ■ :lf .. a tally appears in the^f.irst coltoiimy;- Red and " Red ,' ;ihe:pe.^ 
: ■ : ; . shoul4-,also be a 'ially in the Ijg^t column^; At least one Red, .': If a ta:llji^tr'i^^^^^ 
, appears in the second column, • Exactly one Red, /then,*- 'a tally should also • 
be made in the ' last - :Column/^.^^ . 



Discuss children' i^;^arisw6r^^:' to the seVeh questions ...gnd encourage them 



'■ ■to state their rea^cyhs; 



Score Car 



^0^^^^^^ ^^ ^9nou to keep score of' some games playedrby^your class. 
1 3^|i^|t|§$^cher Will lead the games/ . ' ■ - -c^/'i'S 



ERIC 



:|iliA^ and ona yellow block :in a bag. One dravvi: 



Team A 


' ,Team' B ; 1: 







* Make tally 



Wmae'r is 



IT 



■V..'- . ^ • • 



My0^jr0^ in a bag. , Two draws aJtowed,^ 



Tje^m A 




T^lmlB: 



Maketally v; 
marks , 



> : Winner is ■ ' 



Spinrier and blocks. 



• z.r "Team 


: t Team : B ■ - 







Mafetatly"'' 
V marks 



> Winner is. 



• £3- 



These are the names of animals. Draw a red riijg around the 
•name of every animal that has four legs. Draw a blue ring around the 
name of every farm animal. - ^ ' 




I 
2. • 



animals have four legs. ' ■ 
\^ ; animals are farm animals. 
3- ■ ^ animals ale botjr farm animals a^^^^ with four legs. 
4, ;// animals are either far animals or an im& with four legs 
• or both. > ' > ' 
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16 



X ♦ 



i:ook atthewo.rd$ below. *Drawa red ring ajbund every word'th^t:^ 
has the letter s in it. Draw a bliie ring arojLirid every Word that h?s, . ; 
Ihe letter e iri it. - , ' " . " 



4. ■ " .- 



ask 


be ' 


" drefss 


'get 


. green - 


. guess ^ 


t . 


: ma.n 


> 

mqtKer 


"street . 


that 


us 



-fall'- * "'find * , 
IS . ; . knpw 



> 0' ' » • 
red.: / ' ''see 



4 



us6 you / 



1. v^^i^ words have th6 letter s ih tbem: / 

2. // words have the lettj^r e; in them. ' : / 

3; • / . words have both the letter ;is and the letter - e . . " 
' words have^ either the lettey s q| the letter e or,bo|h. 



,,i»,,.,:„:.„.:..,.. , : * 



X ■ 



■ ■• ■■ " ' '■■ 



Use a spinner which 

'■ 1 A 1 • 
is ^ red and p. blue.*; ^ 



Spins 



Results 



; ^ Spjo twice and 
V T^cord under 
^^^^ifst*sp'm'^ and 
'^'iSecond.spin'' . 

»;* Repeat 16 tirpes. 
■ ^ .. -* * . - 

# Now look at your 
^ • #^^ord ofjpins. ;' 

/•Put tflly marks in 
• ther%ht^lace 
ulfter Results. 

. Seelhe Sample. 

r Total the columnl 



Sample 
1 
2 

• 3 
4 

5 

. 6 
7 
8 
9 

: 10 
^11 
- 12 

•-13. 

; 14 
15 

U 




First 
' spin 


Second', 
spin 


Red 

IX 

Ked 


Ex- 
actly 

ona 
Red 


No 
Red. 


At 

least 
one 

Red 


Red 


Blue 


R6d 


Blue 


. ,, ■ 
1 


„„,.,.„„. 




1 






■■if-;'-?;! 
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ft 
























.V 
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• 




J— 1 








/ 














■ Total- 


=r — 









1. ^WhiQh -r|Sdtt has the greatest number of ta Ities ? ^ ' Aa^ 

2. Are any.twO results equal? i_ 

3. If SO, which ones? 



) 



if - ^ 



4./' Which result has the least number of tallies? 



5.- If ygu wereto guess before y^u did tfi"e activity, which result would you 
.guess would have tljegreatest number of taljies? ■ ; • 

" , 6.' -If ypu repeated the acjtivity many't^imes, woulcf you expect "No Red" to 
/have less tailies'than "Exactly one Red^' . 




4* If you repeated the activity, would you e>(pect the results to be. exactly : 



A ■ ItESSON 5 

number of Possibilities 



Objective : ' To introduce the idea of the number of possibilities for a giv^n 
experiment and to use simple tables to show these possibilities. 

Vocabulary : Possibility, table/ row, column, (optional) probabili'tyT"^ . 

Materials ;"^ Two red blocks, two blue blocks, two^bags, checicers, red and blue 
'. crayons, gmall spinners, half Tred, half-blue, .small spinners one- . 

third red, one -third blue, one-third yellow. 

Suggested Procedure ; , . . ' 

' Review the fa.ct that sometimes there are oni^' two ^ possibilities -when some- s 
thing happens. When a -bag contains only red and blueJ»blocks, the oaly colors - 
tlfat can ISb drawn from it are red and blue. .If ;a. child spins a checker^ ii: 
might, of course,- stand on edge, but if we say. that we won't count that as a 
spin, the only possibilities are that. . it will* land with. one. or the other of the- 
two .faces on top. It- cannot do both. ^ . ^ . • * 

Recall the g'^s^ children played in, which they had. to draw a block from 
each of two ba^s.'- Suggest..-trhat they play , the game again, but .keep score in a. 
new way. Use 'sets of two teams, called S (Same) and D (Different). player 
draws a block from eaoh" of two bags (each containing one red am Pne blue block) 
If the two blocks are the same color, it is ^a point for Team S* If they arev of ; 
different colors, i-fekis a point for Team £). Record the results and ask aboiit. 
the fairness, of .the .game. ■ Is one team as likely 'to win as the other? (Yes.) . 

• .v.- Now suggest that the boys form one team, the girls 'another, and you, alone, 
the -third. Use the ^ame bags and blocks, as ..before. •" .•If a' player draws two red . 
blocks, it IS appoint for the girls. . If tie draws two blue blocks, it is a .point 
for .the boys. If he! draws blocks of different colors, ' it is a point for you V 
Play *he game and have each pupil keep, a record on Pupil page l8 ,of the drawing, 
,as well as, of. the sco^e . The sample shows how to record a red block drawn frdm 
•the first bag and a^^blue block from the second bag. ' .Discuss the children's 
answers to the four exercises" on this page and lead them, to discover why you 
;^aye a better chan(:ie to win. than either- the boys or the girls. . Let them use 
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their own wordu W^explaln that there are two posGibili-bies for drawing different 
colors but. only one for drawing two reds and only one for drawing two blues. 

' . \' ■ . ■ • ■ . . ■ ■ ' .'• .■ 

' ' ' Lessons' 10 and 11 could follow this lesson if you think this ord^r would be 

' appropriate "\f or your children. Also, when you reach a point in tliis unit which . 

•seems- to be .about, as far as your children ban prof itably go, you might want to 

look at later lessons to see if there are ideas which ^you might adapt so they 

* would be appropriate for your children. / 

' . ' I- ■ . ■ ■ ' ■ • ■ ■ 

Pupil page 19 : " Tlvis page' should be uiijed with-the class . working together . Explain 

^ that each part of a flag may ha.ve only one color ^ so if red is used for half 

of the first flag it- may not be used. for the other halfV Children may need 

• .. to be assured that it .is not "wrong" if they leave two flags uncolored. On 

. the contrary, there are only two ways to use red and blue without repet it ipn.. 

■ ■ You may need to explaj'-n that di*fferent . shades .or angles of drawing witli the 

same crayon do ri6t 3;epresent a different, way of making the flag. Compare '. 

^' eadh flag to a b^g containing one red and -^one blue block. If the red block 

, is -taken out first, all that is left is blue, and vice versa. 

■ Pupil page 20: On this page, ihe same, color. may be used in both pai^s of a box, ■ 
GO each box Is - like "two bags , each of which has a red and a blue blocR. A 
child might draw a red bloqk from one bag and. a red block from the other 
bag, GO a box might have both parts red, etc. See if children can transfer 
this idea to the game played at the beginning Cf this lesson boys score 
on 2 blue blocks, girls bri .. 2 re(^. blocks, ■ ^ni- the teacher on 1 red and ■ 
1' .blue :b lock . ■ - ■ ■ . i^.; " ' 

Pupil pages 21 and 22: Compleije these two. 'pages as a class activity, Children 
can- share the smaJ,l spinners.; or you can Gpin one spinner and the children 
can 'tally the re*sults in the: .'chart . . . • ■ ' 

. Discuss the answers to the. eight questions and then introduce .t]ae table 
' ■ ^ ' at the botitom of • the page*. Mention that it , is an orderly way to, shc>w the 
. possibilitieG of spinning a s.p;i^er and tossing (or spinning) a checker. 
'..'Mention that the left side -show^s the repult of a spin on the spinner and 
— ' that this will iSte indicated first in its roW, The top of -the'- tabOje shows 
the side of the checker which is up, and the- 'Result is . shown, second in the 
ccflumn below its name. . Always j}g3rk from lef^ to right and. tqp to^ bottom 
/ i*li' these tables. Call: their attention to ti^^ which has 

>been filled- in. Have children. ^^11 what- theV- R stands for and what the 
■ ' • ■ * • ■ o-ffiv ^ I . 



C " stands .for, • ..The next "box" in the table to look at is red on the spinner 
and star on . the qhe^ker . . Children; vrite RS in this box . to stand f or red •'• 
v . • dfi. the spinner and a. star on the checker. Ask which box should be complete^ 
. next and then ha,ve each pupil write BG in this^'box' to i^epresent blue dn 
the spinner and a crown p.n the checker; « . " Complete 'the table by wr.iting ■. BS 
in the last box," Some children will heed. extra practice in 'learning how to 
complete ta.bles « There/^re two more to. do in this lesson." Always work* in 
/ a. def inite,--Q3^r while doing this; ■; we ha-ve used the left to right and top 
. . . to bottom seG[uence in this^unit. Show children how easy it , is to; "read" 
, .the four possibilities.. '.iProm this table. ' ."^ , 

Pupil page 23 . Practice in :.in§ik-^ing and interpreting a table is given on this 
- page. Some children Tti^.y:-.need spin the one-third red, one-third blue,, 
one-third yellow ■ .spinner- ,t^^^^^^^^ possibilit,ies with this .spinner 

. and a . checker. Again ^prk-* .with the left to right and top to^"^^Bbttom a.pproach . 

■ in completing this table/ In question 3 > children can?; count to see. that,. i;.he' 
• table, shows there are six possible results, of. spinning this .•spinner, and 

. tossing a; checker. By looking at . the table they can alsq. an'sVer question k, 

■ In.'-^b, and. ^c. you may need to' call attention to the- word., or -. It may' 
■. be helpful if children dra.w a red ring, around the. answers in' .the table for 

* ■ . " . ■- ' ■ ■■ . ■ ■, ...... 

% and a blue ring - around the 'answers for kcj ... ^ . ... 

Pupil page 2^ : Letters are used for the children* g names .in this ■taljle. Children 
ma.y need to be assured tha.t there are .o|^y 8 possible pairs of leaders - 
- : even though the list shows ,pl-a.,ces" for .10 .' If desirable, you might make ■ 
\ cards with the six names* on them ancj select caards to find" different pairs 
of children, choosing a card fi^m the boys' pile and a card from the girls* 

Optional Further Activities- Games . [' 

These games .can be used to provide, drill in a.ddition:a.nd subtraction. - 

Game 1 - Smaller and Difference ■. . . . ■ • 

.This game for two •people uses two . spihners with dials of 6 equal par-^s 
numbered from' 1 through 6, , or two ciibes with faces nui^bered from 1 'through 
6 . One player i.s .called D (for difference) and the dtli^r S (for.smaller) . ' 



.The two " cubes - are tossed- ( or the two ^ spinners ar.^ , spun) ^ and \the ■ players . look - at . 

:e_ be 



the two numbers. ' Player D earns one " point ' if the . difference between the two, 

,55 



numbers. Is. greater than the smaller of the two numbers.' K the smaller of the • 
two. numtSBTNj is greater than the difference,, player S gets one point. If tlje 
difference .e^quais the .smaller/ for example if the numbers are ^ and ' 2- or 
.6 and 3 > . neither player gets a point. Play to see who gets a certain number 
of points first, for example 15 . ^ ^ ' 

■ After several children have played the, game, ask them if it is a fair game. 



Would they rather Ije: .S or D . ? 

TABLE OF .DIFFERENCES 

--- Second-'Cube .- 

. "., I • 2 3 ' ^ - 5 



,0 



0 . 




6 


3'^ 




5"> 


s 




1 


m 




"O 




■■■'^ . 


0 


1 ; 


2/ 


3 






. 1 




. !■ ■ 


. 2 ■ 


.. 




.. 2 


1 


0. 

















This table shows.. that 'S has the greater 
chance to win. Squares "are dra|fn 
' arouud'^the'^'cases tliat'are ties.H 

Ovals are drawn arbund the. cases / 
■. where the, difference is greater than 



the smaller number.' The - rest of i:he. 
ejitries in the table represent the 
cases where" S wins a" pc.lnt . Oif the 
36 cases: there are 6 ties, D 



■ -,^ins in "12 cases. 



wins in 



18 



...^tJ^' cases . So . S 



wins : 2 of* "the time. 



Game 2 - Sums and Doubles 



and ; D wins - of the time. 



' • Two- pla.yers use the .same two . spinners or the. two cubes in Game i^■^ii;^Ori^H\^ 
player is called ^.'Sums'^ and\ t)ie> other "Doubles" . . Each pla.yer toisses one * culDe *' 
(or spins . one spinner) . ^''Spis" adds the numbers shown' on the two cubes while 
"Doubles" looks at . his cube dnd doubles that number. , If "Sums*s" sum, is greater- 
than "Doubles'. s" double, of 'his -number, he .gets -one 'point. . If not, "Doubles" gets 
the point .'/No points' are given for -ties ■ (for .example, if both "Sums' s" ^}itie■ and 
"Doubles 's" cube shpwed 3). . PJ^ay until one pia.ye5i:;iits • a certain (iumber'of 
points, 15;' for example; .Pupils' can determine after pla.ying . this game that it • 
is a fair game. Of the .36- ' entries in a. 6"'k .6'. ta.ble, S ■ wins .15 times, 
D-.wins' 15| times, and there, are .6 ties. ,/ - . 

■ .." . : \ ■ ■ ■,■.'■■*■■.■■■'■.■ ; ,. ■ 

• Game -3 .- Add or Double . . Your Score; ■' 

This game is a variation of " Game 2. Now, however, "Sums * s" score is the •. 
actual sum on the two cubes (or spinners) and "Doubles* s" score . is the actual 
double of the number, on his. .. cube (or. spinner ), - For example, if . "Sums *s". cube 
showed' .5. and "Dpubles's" cube showed 3 , "Sums" gets an .8 for his score 



and "Dou*ble% 
This is 



blefevl;'<8e:t.^/'Q; '^^^^^^^^^^^ score.. Play until one player gets .100- points, 

a f'teit-^piii^':^^^^^^ can .determine after playing it many times.. 



. Games ;-sUQ^hJ;&>*"1^^^ .can be .played by using other devices 



. which are dejs^rib'^d^^ . 



'V.-J.':-';. V . 
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■ r 



18 



• . . Girls, Boys, and Teacher 
For this game you need two iDags. Put 4 red and a blue block in each 



bag. 



The girls are one team and the boys are anoth,er. Your tjeapher will 
be the third team. ; 

One of the girls starts by drawingna block from each bag. If the two 



blocks are red, it is a point for the girls. lf,Mh are blue, it is a pmntfpr 



the boys. If the two blocks are of different osi^s, it is a point for your teacher 
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\~- — ' 


First 


Second 


Score for: 




Bag • 


Bag ; 


Girls 


Boys 


Teacher 






B 














^ '■ ^' .• 






. . . v-i' - '^r/ 
, • .>2;.V 
























4. 




























• / * ir 

"■■ " . ' 


;\ ' 














^ — — — — — ' ' 




' 8. 












' 9. ' 












10. 












•Totals 









score? 



20, turns, which 
team do* y6,u think 
would win? . 



an .equal chance Jo 



eacli way your 
teacher can win: 




1st 
bag 


2nd 

bag^ 




R ■ 










CP 


CO 
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• . . Girls, Boys, and Teacher 

For this game you need two bags. Put red and a blue block in each 

bag.-;. ^ ■-:.<'•, ,. ,■■ ' , 

The girl's are one team and the boys are anoth,er. Your tjeapher will 

be the third team. j 
One of the girls starts by drawing;.ia block from each bag. If the two • - 

blocksare red, it is a point for the girls. If. .both are blue, it is a pmnt for 

the boys. If the two blocks are of different cMs, it is a point for your teacher. 



Keep ^xecprdjOn this chart. 
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1 

•'«,;..:. .-2;;. 

First 


beconci 


Score for: 




Bag • 


Bag : 


bins 


.. 

Doys 


1 cdLncf 






B 






















!*"*• ' t*- .' ' j"^ ^ .' 

"■■ V;r<t 


















A 


^ - 


4. 








■> . "* 








■ ■' ■«*;;. 












'-\ "* ' \ ■!■ 




". ■ It* 












[ — ~ — T. — ' ' 




8. 


\ 

i 










9. ' 












10. 












•Totals 









score? 



20;. turns, which 
team do* yb,u think 
would win? . 



an.equal chance . to vi 



eacli way your 
teacher can win: 




1st 


2nd 


bag 


bag 


fV R 


R 










B 


B 
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Use your red and bige crayons. See how many different vyays you. 
.^ijQan use just these two colors to color the two parts of the boxes. This time 
you may use the same color in both parts of a box. 



■1^ ■ 



:. <1- 



erJc 



1. How many ways did you find? ^ 

2. How many boxes -a re all red ? / , , 

3. How many boxes are ail blue? / 

4. How mariy;J)oxes are part red and part blue? ; ^ , 

5. How many boxes Ve at least pa blue? 
6i How iTia ny boxes are at least part red ? -- ''^ 
7. How many ways can you color these boxes with two colors? 

Brain Teaser. If you could use three qolors,. guess how many ways 7011 
can color boxes like these. f 



■' ' 60 <■ . . ■-_ . . ■ ■ : ■ ■ ■ ■ ... ■ . 




Spinner an#Chfeckfer; 




toss a checker ? 



HOW mjariy possfbilities arethi^e if we us6 thiss^ 

Let' s-f ind :OiMi^":^-/ ■ •. •■^■^ ; . ;^ ^. ■ ^'^ / o-.i./ 
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Firs|;;§|i|,J^|?P^ Put a tally in the chart^; : ,, . 
show tfe festil)^ tosis the checker a n^ ^ 

ta I ly th e res u lt.^..Od this 1? "^times^ , J"!^'- ■ • > 



The sample shows a resjijl'of red*on the spinner 
and a star on the checker. • . 





Spii 


iner 

Rli ip 
PI Uc 


Chi 


3Cker 


Saitioie 


;:.;:;jl,:> 






. ^ 


1. 










2. 


* 

■■ 1 










. ■ 








4. 


7V 
1 - 












■ .; . -.■> 






■ 'v .6.;' 






.■ ■ ■ 




■■ '■•■.7./ 








V ■ i 


8. 






o; ■ ■ . 




V 9. . 


1, . 








10. 










11. 










12. 


1 ' '• 
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61 



65 



22 



sit 



Look at^the chart you just;made to answer these qclestjo^^^^^^ f I J; 

1. In th£i,same turii, dict^yoOvef^^^ on the'spirinfir a^ 



on the Checker ? 



. v.. 



s^':^ .^^ :->r:^^^2. Did at least one of^he turns give red on the spinrier and a star on 
:: the checker? ^ ' . ; ' 



3. In the sanrie ttirn, did you ever getoblue on the spinner arid-^^ crowri 
. : on the checker? / ' ■ ■ 

■ A. 'f^ the same turn, did the spinner ever show blue and thextiecker 

; -shovi/'a.. star?- / ■■' . . • ' ■■. ■■■ ■fi 'X'^- 



5. Can you th ink of a'hy pdssibil ity wh ich you did not get ? ^ 
\. How many possibilities are there with this spinner? 

7. ■ ma ny pos s i t>i fit i es are there with a ch kker ? 

8. A How many possibililtes are there with ^is-spinner and a checker? ^ 

' '■ ' ■■'. ■» - . ■' ■ ■ ■■■ ■■ ■ 

We found fquf po'ssibilities when we used this spinner and then ^ - 
spun a checker. They are: Red, Crown ; Red, Star; Blue, CroWh; ■ ; ^ 
;Blue,.vStar .; - '/y;.:;:' \ ■ . '^' :;''■:>^ 

fcomplete this table u^ing R for Red, B for Blue,, C for Crowr 

;and;;,S ' fpr-.Star;. " ■ . /'V ,■' ■ 

■Checker.' ' 



CD 

■,.c 





Crown 


Star. 


Red 


. RC 




Blue 




^5 
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■ -Now let's find the possibilities with this spiciher - 
and a checker. " " " ^ ^ ; ^ 

Complete this table. YbU hiay spin the pointe^ 

'■:heed'tO; ■ ^ ■ ' \ ' ' ■ ' ' : - ■ . - 



Checker 



1_/L, 



1. How fna ny^ossibilittes a re 1h ere _ 
^ with this spinner? ' _ 





Crown ' 


star 




'Red 






vc; 

:■■ - ■■■■ . c - 


Piyej ; 






; : ■ ■'.U'- 


Yellow 

■ ■ • ... ■ ..V. 







2. How iTiany pos$ibil:ities are there 
with ; the checker?: ^ 

.3. How many possibilities are / 
' there with this spinner and; . 
a checker ? ^ ^ , : v^: 



4 Howimany possibilities^ 

(a) red on the spinnenand a crown on the checke^?- 
■i'S;^;^ 1^^ and a star on the checker? ^ 

^ ; ic) ; yellow on the spihh pc a sta r pn-the ' V~ ; y 

^- ; ch-eGic^?..^^^^ : 

5. .With the spinfmof 2 colors and the cfek#;othere are :v-^.^ 

- :. • ■ :. ; ■ /r-: -.^Ir'^^ .^W^^^^^^f ■ 

possibilities. 



. 6. W ith, the; spin-ner^of^j^ the ch^R|r^ : 

■ . .possibilities, ; ;:^,-"V ::i ^ — 
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■ Miss HoJIiday alwa^ has one boy and one girl lead.the qiass to luhcH. ; 
^THj^ foyi who have h turn are Bob, Dan, torn, and. 



only girls who have not h^ad a-turn are Mary and .Helen.; 
• . . Miss- Hol liday wF4te"s,'each n^cne-on a'card lii^e tfi is : 



Bob- 



Dan 



fom 



fpahk 



Mary 



Helen. 



> . To f ind aut;.wtio;wij| jead the class tdda^, -Miss Holiiday putf the;boys' 
: . V nanres: in on€ boXvand t^^ gi^ Then s^ie dra^ ;.- • 

V. : one n^4lie from eacb box. 

.How many •different possibil If les arethjbre for a l)oy and a girl to lead 

^ YdtJ c# epm^^^^ table prwTite:tlie^ of the^pcfssible leaxler's 
here!:- ■ ■■ ■^■V:", :,; 



gW'ciass? 



Leader^' 



; ' Girf 




























^ — T" — r; — — ^ — — ^~ — ^r'^ — ^T'^ 










— — — ~~~7 — V4_ 











Bob 


Dan^ 


Tom- 


Frank 




Mary^:;^:; 


MB 






>?> 


o 


Helen 


Mr 









•1' With the ^.-colored spinner and the 

' : Checker, there were ^ ' ^ 

« ■■■■■■ ' ■ ——I ■ ■ ' ■ V " •! 

• : possibilities. v . • ' , ; V'- 1 
■.2.- Wiih the 3-colored. spin,her .and ' . 
/ ' the checker, there were ^ ' -v 

• pbssibijities. . ; : • ;■ 

.3! With 4 'boys and .2 'g.iris,*'theri • - ' 

V a re. 



^:possJt)le pairs of _ ; y • , 
leaders ^ffvith^rie^boyjaifil^o 



. ^ - . \ . Comb ih5t ions . ( of ^ 2. ■ ' things ) • "/^ . ' " .' ^^ 

'"Objective f * \To count the .number of, ways tvj«o things can.. be selected- from a. IS:^ 



V 



-set. ■' ' ^' ' • • V . • •■•'^ ■. ■ ' 



V 



VocaltUlary ; ' Coirfbinations, . *" • • ^ 



■ ^ ■ 
MateriDfels: None. 



. Suggest^ Procedure : 

. Lessras 6 and 7 ore concerned with- comljingtions ' and Le.ssoA 8 introduces ' 
ordered arrangements. You may want to' readi/again sectji-ons 7 and 8 of the 
Mathematical Comments- before teachin'fe 'th^se lessons,. .In Lessons 6 and 7 we are 
Ibbtalnine subsets while i^ Le^n 8 we are working with arrangements in which »^ 
order , is considelred, commonly teriKj^d' permutation^ . This word need not be used 
with children. . ' ^ • 

J ^Present problems -sitlilar to. the following: f\ ^ * 

. / ■ ^, ^' ^ ^-^^ , , ^ ■ ■. .. '. :^ 'V ■ 

. ' . ' When you. play Squirrel in a Tree^^^yov: first get J.nto groups of • 4^. 

. . three, and then tyo of^^each group jpin hands ^ make' a tree with 

' . ' * -the squiirel inside. - Suppose Bob, ferry,, .and Jack are in one' : 
' .■ , * ■ ' 

group. How many different ways they make* a trqe?-. (Use 
• • . ■ ' .. ■ ■ - ■ * ■ , ■ . . a 

• children in the claes-^ and" have/: tljefiii demonstrate. Bob and Terry, 

■ .B6bf^and Jack, Terry and Jack.) ijp^ 

List the answers in a column with th^^ heading ^'Trees"4^ Ask. how many different 
• - comb inations -^ were possible. , • ' • ■ ' 

. Pupils ..^ Trees 

. • .. 50b, Terry, Jack .Bob, Terry 

^ ; Bob, Jack , ' ■ . ' ^ " 

■ .4' Terry, Jack' * 

" Show cliildren hov you did this systematically, going^from left to right with 
the list of^^hree boys," '^b first./ Ask- children how many- different trees can 
be made if Ldt were . in the group with Bob, Terry, and Jack. After children 



have giveii their predfilit ions, ^ make a new list of- "Trees"- 



•perhaps by this i\he j^oraebQdy will .be able to S'ee a pattern , and to predict ,the 
number of" combinations. For seven, in the ^roup, there are ,21. combinations. 

"^ VuplI page 25: Children should have difficulty vith^ this page . The order . 

. ... ..of childr^ on. the. , swing or. on . the teeter-totter does not make a different 

set. (Order will be considered in Lesson 8.) However, do encourage a 
systematic way of listing, as Betty ^nd Anne, Betty and Sally, Anne and 

■ Sally. - ' . , \ ^ 

■ ■ ' ■ > ■ ■ ■ ' ■ ■■ ■ ■ ■ 

Pupil - page ' 26 :^ The plg-cing of answer lines is such that an or&irly a.ppro6ch is 

encouraged; the teams with Mary first ^ire in coli^nn one, Tom first in the 

; • second column, and' then , Susan first in the la.st column. ..A left-to-right 

' sequience is followed, in writing the name's • as' they are' originally stated. . ' 

, . • ■ ■ • /" • . , 

Pupil pages 27 and 28: ^Agai^ these pages are arranged so- that a systematic 

.' listing- is. ^encouraged. Question 2 on page 28 reminds the pupil of ■ the 

■/...-. ' . * ■ ■<■ . ' , ■ ■ 

.importanc.e of organization.. ' . ' 



.0- 



/ . 
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^ Betty, - Anfie, and Sallf^aht to play on a swing that Is made for 
two children. Use B, A, and S foFthe names of the children. Put 
these letters on the swings to show the three pairs of children; 




From three children we can choose 



pairs. 



Jim; Andy, and Erik want to play on a teeter-totter. Show the different 
pairs of children (one on each end). Use J, A, and E for the nam«S 

of the children. . <^ 

■■ . ■ ~ / 

A 





■it 



How many-times dg|s Erik get to^lay ' 
2. Three children <3^meeter-totter J(two at a time) in 



■4; 



ways. 
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Mary, Tom, Susan,/ and Billy are playing a game. They want to . 
choose a team with 2 children. Show all the teams they can choose. ■ Use 
M T S and B' for their names. 

M'-Ind T V and ., ^ and r 

' /T) and '5 ^ and A 

and J" ■ 



1. How many teams would Tom -be bn?_ ^ 

2. How many teams would Susan be on? ^ ^ /^ 

3. Each pupil vyould beon howmany teams?;^^^ <■ 

^ 4. From 4 children we can choose a team of two in different 

ways; . ; ; , .> ' ■ . ' 

.5. From* *3 - children we can choose a team of two in ^ different 

.6. From 2; chiidr^ri'vie^can ch of two in only : way. 

7. Gue^s how many teams of'two can be chosen frpm 5 children, 




27 



^ In the Brown family, five children - Mary, Steven, Becky, ; ' 
^ Llhd^, ancl; Ricky^f^ ta^ 
.^ ,each•dair•*^Show aJI the^w^ 
'R forthe^names ofthe^dhildren: ' v ■ " ^ 



M and * S 



I*. 



v and - ; ;-.:5^--.. a-n( i:.y<^^;v :, 



1. Five children can w#;|iT 



2. How ma0y times was- Mary; 11 



3. How many-tinflBs was Ste\^n 
4; Each child .was listed ■ -ffi .V 
3, WhoA/vaS: (ist^djw Afary? ' 



^.-v■. 



, 6. ^ Wito.was listed with ^veh ? 



v-^^'^"^^ washctisf 
^■•■^li^:^7; '8.^; -1^ djfferent children dSes, Linda was 
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I n Cedar Falls there Is a cu b p^ 




6 ; 



has aj^n of 6 boys— 



Johni-^Ghuck, Perry, Artdy, Geon^M^nd 
on v^nqyip^ in teams of two.,^K^|ilHhe wa^^^^^ 
upl:t0aTn|^^^ : ; 



1* 



"iry ' 



J and 


b and P 




and'^:G^ 
■^^:^^:.^>?V■ 


G and H 


and v^^ 

|,>J^'^iCid;:'-S : 


' " < ' ■ • ■» 




#: .V- / .'r^' 



/ 



% ■ ■ Eaeiijcub is, I isted how^mi®f es ? ^ ! 

2. : riaVe organized;yQur ISrk J^^^^^^ find results ? 

/ way. 



3v \/.: 



m 



f^; wej^j^chbose a team of twOMCi only 



- \ From 3 th Jldren weiS^hoose a team of two in ^ ways. 
^I'--^ :T^rom 4 ehildrS wecan wose a team iofptvvb jn ; ^ ways. 
^z,^..:.:-'^ from 5 chijdren v(i cgn cfoose a team of two in y^? ways. 



rrom 6 children wfen choose'a team of two in ways. 



^'V-v-^ ;4.-f? Guess. From 7 ch ildren we can choose a team Of two in ^/ ways. 
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" ., Combinations (of 3 things' or - h things) / 



Objective ; To count the number .of ways threie..o>.'^';f^ selected 
':■ ' from' a larger-; set. .' ' ' ' v-'riv^:*''- . • ' • . 



Vocabulary; . (No new. terms. ) 



Materials: 



None. 



Suggested Procedure ; " • . ■ ■ .. 

' ■ -f Review briefly ..Lesson- 6 .on making combinations, of tvo members' from .a set# 
Discuss the possibility of. making combinations ■ of mare . thaH two . Present- a ' • 
problem similar -tp the, following:.. 

■ ".. ■ ; In, a playroom there, is a.- risading fable' at which only three children 
can sit;.V J-^ Pat,. Anne, Ben, and .Mark are in the playroom^ - how many 
■ different, groups- can' go to the table? ( h . Use children, from the. 
. ' ". .. class.' Pat, " Anne^ Ben;' Pat', Anne, Mark.; Pat, Ben, Mark; '". Anne ^-^ ^ 
; . Ben,. ..Mark. ■) ■ . ,^ ^ 



List the possible . combinations and make a chart showing the 'number in the. 
group and "the . number of combinations of 3 . (just as a matter of interest to ■ 
you, the computa.tion by formula is given here. ) ^ '■.'. 





Number of 


.Number in- Group 


Combinations "of .3 ■ 


■■■ 3". •., 








■ 5 - ^^^^'^ ■ 


■• ■ ■■■■ ■ • ■ ■ \-\ 
" 1G> ! 





(3) = 



■3'. . 


•3.2.1. 


3U3-3}t 


• 3-2. 1-1 . 




■ ,: li*3>2'i. .' ■• 


3!(i^-3)l- 


~ 3-2,.-l-l . 


51 ' '. 


5 •^•3 •2-1 


3M5-3^J 


• 3.2.1.2->1 



10 



Suppose Suq comes, into the" pla.yroom^ too . ' Now how -many -different . 
groups ;C an, go to the table?; Do' you think we'll have, more combina.tions 
■'than'we had when there were only k' children to share the table? 



Lea.d";'tTae-c^ way, . For example/ 

■■v. Pa.t., ..Anne, .Ber\. • ' Anne/ Ben, Mark ".-y ' Ben, .^^a.rk, Sue 

■ p';Pat^-.Anne, Mark,.- . - Anne, : Ben, Siie; 

..Pa.t, Anne, Sue' ; . ^y-- Mne .U^rk 




Pat, Ben, Ma.rk 
Pat, Ben, Sue' . 
Pat., Mark, ' Sue 



* . . • How--ma.ny children would be in the room if thei:e were only.. 
." ." one possible' comM-riatio'n? ' {3) . u : 

/(note.: ! Dp not; continue unless pupil interest warrants, it. )^ 

. If there were: 6 children in the room, how many .combinations - 
; ■ ■ .' - of 3 . could we find?/ ; (20) • . - ' - ... . "'v 

.*■ • You may .want to use' an . illustration- with comb iiniati6ns^'^^^^ from . a 

set of five and from a set of six before going to the. pupil pages.. If so,.; use 
sma.ll objects t9 _^show this. ■ .. . ■ . / 

TeacHer Note : Even . adults .ha.ve difficulty keeping track of combinations selected 
. f rom/a -set . . • One method which ma.y be helpful- to you is to make, a..ch^r:t.. : For . 
.example, le,t>s say we want to get all the possible ^sulDsets- of : 3 from this set 

of 5 . 7 A, B, C, .D,:E. ; ' . , 

H ■ ' ... •■ ' '■. ■ ■ . ' ■ " ' ■ '- ■■' 

Write the s^t . ; 

■ ' . ; . V\, ' A ' B . C . D -E 

1... Start with. the. us.ualmetljbd.. Of .the. first .3^ *' 
. , . ■ ■ ABC^'/ - and.raake a. taaiy^under the letters; .Thus: ' .I-. ; / : , : A, V 

2. Pick the next group of 3/-,^ ^o^i^ing -from left to . 
' : right, and tally./ ^ V: ' 

.3.' Pick^ the next grpup^of 3 and tally'. - ■ / / I - y 1^ 

.1^. / Pick anbthe:^.-' group of 3 , going from left, to ; • " 

right (no more sj^art with AB so go to .'AC). , .:' I ' % - • 

Tally the next- group of 3 . ' ■' ' ■. . 5' ' ' ' 



6. . Work from.. left ^to" right .'again. 



7. '.- 'There are/'^o more groups..- beginning with .A , - so, . . . . 

now start with B jid tally.. ,7. , . ' , ^ 

8. , a?ally. a'nother group^^^b^^ .3..- ' * ' 



ire next.group of 3* . :• • ' ' 



. 9.. . Tally t" 
10 . Tally the last group ^ of 3 • 



I 



10. 



/ I 



A look at the ch^rt, shows that there are' six tallies under each- letter, 
the ten groups of 3 can be written fdr th-isv chart . ' ■ 



Wow 



• Pupil pages 29-31 : " The first; tvo pages, work -with 

• neit pa^e with cbmbinations of • U '.. " Each Of these" 



that . the . pupil^ can :write :'the " combxna.tions in an. orie 




.. .■ rv ' ■ ■ • ; . . 
s :-6f • 3- .and' the . 

Is 5)rinted- so- 

way . v^. . . ' ■ ■ ^ ., 

and 33 * TheseVpages shov a" way to obtain 'the combinations from 
■/■i;. • ■ ; a larger set by building from previous combinations T You will .want to do- 
- v.,,! . '" this as a' class activity.-,:; Some" chil(%^ to. use a: different 

. '.-^method-of- obtaining the ' diff.e;rent.'comb^ation^^^ this/of course, .is " • •. 

3:Cceptable.. : :^e importance "'bfY^ is evident: 

' ■• ';in^ thiS ':l^ssonV,. ^ ' .■■ 



%■ ■ 



■ a 
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, Betty likes all kinds of animals. Her mother will let her have 
three pets. However, Betty must choose from a dog, bird, f\h, 
'and turtle.'' -' ''.■.■\:.v/v-;--"' / . 'v ^/ ^i;' •;.;'''':■ 

. . Show all thecombinations of three pets that Betty can have, yse ~ 
tfie letters d, b, f^ and t . v ; :^ ■ 



I.-:' ::^>'. ^:v"X--':"^:- - A -y. ^ ■. '. .■. ^i; v- 't^"- 



3. 



1. 

2; A dog is iri : ^ of these corn bin^ ions. 
3. A bird^is jrt --f^ of these Gombinations: 




4. Do not look at your list of combinations; Do you know how ma ay of -igK ,s i 

^-r ■ ■:■■.'■:■■,:.„■■';, . . : ■ ' 

■ these combinations include a fish? ^g^ , >j> ' : . 

5. ,^om 4 pets, Betty can choose ' , combinations of - 3 . 

v4 differefit crayons, how-ma ny'coi|ibinat Ions of 3 cpu Id , ' 
tioose?.:' y^: '.' ■ ■ v^: -^' . '■ ■■. 




75 
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•\ Betty's mother^t^^ 
. lets Betty choose th^^|is frorn^a clpg>. "bird, i^i turtle,'^ and snail. . 
Show all the combinafldj^s p 
:flve pets. Use the letters ^d> b, f; f t; ancl:|^ 



I-- 



1. Did you write your answers in an organized way?- ^ ' , ' . 
-2;; From $ pets/ Betty 



. . . ■ .. . 



:^^^^:^ : 4^^^^^ qua^r, - and „ half d^ 

V ;: on ife tabfel He asksnBetty to mal^ as m^y dlt^entSombirations of . - 

- ■ 3 coins as she cah. How many comlDinalions oif 3* Goi.ns;;c3rf Betty • 
. ; ' make from these' 5 coins? /ife, ' % n " - v : : *^ ^ 

i.^ \ ; 5. If you cou Id keep just one combination' of th€ cai,ns,^ wh jch wocrlcl ., , f \i 
\ .;• you choose? ^ <y - Iv . 



30 
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' v Betty;s mother^l^ 
. lets Beltty choose 'th^^lis froiri'a clpg>. 'bird, i^, turtle,'^ and snail. . ■ J 
ShowallthecombinaM 

five pets. Use the letters 4, br V anld"^ ; 



■ ' .. ■ ■■■■ • •■ : ■ , • •• ^ ■■ . . . ■ . ^ , . : • 



l. Did you write your answers in an organized way?' 



2; From 5 pets, Betty can chdp^e : CQmbinatibn^,Qf 3 

'How many times js a snail -in oh-e qf* th^ combinations?; ; ' " - / ' > • 

4: v^et^? father pijis a qua^r, and „ half d 

': • ;.on tabi e,v asks-Betty. to mal^ as m^y dtf fie tentC^ m bi ration s of - _ ' 
. 3 cqins as she cah. How many comlDinations of 3* GolnlcSrf Betty - 

.^■\;make.^rom' these^5 coins? ■ 1: •; : ■•v ■-'V^'fl^-^:' '.-^ '•;';:-? 

5.: .If you cou Id keep just one combinatiori;!of the coins,^ wh feh^ wo^lcl ^ , f 
you (rfedosfr? y '- ^^y,;-' . ^^-'iA-;-^^ 



•\ Betty's mother^t^^ 
. lets Betty choose th^^|is frorn^a clpg>. "bird, i^i turtle,'^ and snail. . 
Show all the combinafldj^s p 
:flve pets. Use the letters ^d> b, f; f t; ancl:|^ 



I-- 



1. Did you write your answers in an organized way?- ^ ' , ' . 
-2;; From $ pets/ Betty 



. . . ■ .. . 



:^^^^:^ : 4^^^^^ qua^r, - and „ half d^ 

V ;: on ife tabfel He asksnBetty to mal^ as m^y dlt^entSombirations of . - 

- ■ 3 coins as she cah. How many comlDinalions oif 3* Goi.ns;;c3rf Betty • 
. ; ' make from these' 5 coins? /ife, ' % n " - v : : *^ ^ 

i.^ \ ; 5. If you cou Id keep just one combination' of th€ cai,ns,^ wh jch wocrlcl ., , f \i 
\ .;• you choose? ^ <y - Iv . 



fred joinMhe group/ Tb§>now.h 
^. David, Elsie, and Fred!l^The' 6 chUdreh decide to make up teams ot 4. m, 
How many diff^ cart-be formecf^from 6 childrgp? 

We can use the same method as l3efore wheriiElsie joined thr^rou^. 
' Add Tred to each oT tlie " 3 -child" teams. . * • 



A , B . E , F B , C , E , jfi C , -D- E ^^£1 <^ - . A^. B , C , , 
A,C.E, /^ B,D,E,/:- A,B.D,E 



Find ther'em^ainii^ teams, using A, ,B, C, D, ■ B, which do hot 
include Fred. . . 



A, B. t, :2 / A. B. C, _£ A. B. D, E A. C. D. E " B. C. D.^ 



/^^ " teams have Fred "a^ ^ , - do nit. There are /C5^ 
;teams in all. ^ - V 

6 children can choose <iifferent1|eams of 4 membersi. 



ERIC 



8(3 



•■■ ■ '^fe ' ' ' '-33:'.: 

• fred joinMhe group/ Tb§>now. have 
David, Elsie, and Fred!l^The' 6 children decide to make up teams ot 4. ii» 
H^^^ catt-be forjnecf^from 6 childrgp? 

We'can use the same method as l3efore whenfiElsie joined thr^rou^. 
' Add f red to each oT tlie " 3 -child" teams. . * * 



A,B,E,F B,C,E,_^ CrD-;E^v£l<5».:A,B,C, , 



A , C, E,_£_ B, D, E,^ - V. A, B. D , F- 

A, D, E;«^ « . " . A-;e, D,'^ 



Flnd ther'em^ainii^ teams, using A, ,8, C, D, • E, which do not 
inclyde Fred. . . 



« -A, B, t, :2 / A. B. C, _£ A. B. D, E w A/ C. D. E " B. C. D.^ 



*** 



' teams haye Fred 'a^ ^ - do nit. There are 

:teams in all. ^ - V 

.--'^ ■ ■ - . ■ ■ . 

6 children can choose <iifferent1|eams of 4 membersi. 



■ f 
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List on the bonrd: John^ Bob^ Mary. "Continue to^list as the discussion proceeds. 

■ * , ' Suppo.^e John starts,' but we go arflUrid the ring the other way. 
■ Theni^Jphn: is f irst /Mary is second/ and* Bob. is;thir^. Do we 

have to start with. John? (No.) "Let's start with Mary this time.. 

Make a chart showing the number of different ways, sets of 2, 3, -and 4" can be 
ordered.^ Leave room for a set of- 1 at the top, and insert it" at the close of 
the discussion. Just for your interest the computations are shown below as 



disciiased in section 8 of the Mathematical Coininents. 



. Number in Set 


■^Tumber of Ways 
of Ordering 






2 


2 


: ■ 21 


2-1 = 2 


■ 3 




3'- 


= 3'2-i ,= 6 


• V 






= >.3-2-.l = 



0. 

■ ^mi 

Call attention to* the difference in the numbers of ways of ordering. You may 
f want to ask . children' to guess or predict how many arrangements can -be 'made ^frOm \ 
a set of ^ • ' " ■ 

Use chalk of h different coloi^s -to make tally marks on. the chalkboard or 
use crayons on construction paper where all cgn see. - .. 

Suppose we see how many different .ways we can 'arrange these colors • 
, ■ if .w^ start with red. (Make marks as you proceed, one set of four 
■ under the other.) We can use red first, and then what? Then any ; 
, of the other colors. '[ . * ; 

.Let's show red/ then green.. . VHiat cblor do we want next? If we ..^ _ 
want yellow. third, we -will put. blue last; but if we want blue 
"third, we will put yellow la^ . So with red* first and green . ; ■-. 
second) we have two arrangements: ' 

■ R G Y B ■ / ' 

^ ■ R. G-.B Y ■ ^ . 



Syppb&e "we. use red first and (yellow second. What can- we do? 



Continue to list the aafrangements- u^ing red first; (Notice 
.that- a left to right sequence « is used, ■ a systematic or orderly- 
approach 'again! ) 




1 



Ask questions ' such as: ~ . ■ ^ ^ * ; . , , ,. . 

How many ways are there in wh&h, red i^ first? red is" first • ' ^ 
arid yellow is second? red. is f^^ct anti blue is second?; red...' 
is first and" yellow, is 1^ird?« ' ;■■ , 

■ ■ '-^ - • • ■ • " , \ ■ 

Point out the fact that this is^ just lift of arrangements in. Vhich red is 

^l^^f -v f^Y^^^^f°PS',^9j8.1ead*t9 l^lr^^^ea tha"^ each ^Jf the other colors , ■ if /used 
fifsi, » would 'also gi^e. 6 arrangements. ' Hetice *'^x'6 or 2^^ arrangements can 
•Ve made., You giay want chU^ren to help q^jTLete the chart. *' 

^ ♦ t ' ' ■' • ■ 

Pupil pages 3l^--36 : !^ese three pages give practice in. listing arrangements^ . 

; Spacer are* provided so thai a systemati6 approach to listing, cto be made.'' 



A planned; procedure is* most helpful, on page 36. This page should be 
omitted for some pupils^ ^ 



3'4 



ft . 



Aljce a 



^are playing "Fo I low the le^dk''^^^^ Sse A and J to 



show tHe ways the I inej^^ might look. 



# 



First A ' then ' J 

•' ■ » . 

, then 
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Two children can make ^ 




Alice and Jane letjSaif play. 'f^[J|^ 
A, j; and S to s^wi^^p/ th;e l:iit^ 




;timfes^Was^l;ice: :l3t? r 



3. i ■Hojw'iSjriy wjjys'can the ifechildi'eii v 



■i^'^a^^ fh^ i n^orpliion^ 

I J you rs 0 rga n i#l ? - "r:^;^ : 




.j'fc";.,.' 



■ V«K•^^•.'.'■- 



■>^*l 



Miss Johnsbri has^ three reading 



^^i^different orders:: One lyM^ caflec^^^^ 
last; Group s , ■ Sfrow alfethe Ways jlhicanyr^h^e t)iex5r^ 



1 ^ ,.. ;2:'.,;:^^Vi- 



;3 :;g roups can" be ari^a 



V-'^':^^^^;' ;if Mss Johnson had only^wQ^ reading-groups.: m man^ wayicoum sh^.;^.^ 



... . , , ... ::A'-^i-.>'.^A- 



i^iifAfhistrong likes to 



/^pI^^^S'sM alw^ sandwitii. »?fift*i and a piece of^cafee? .Sh^P^^^'^' 



'ways sheiiah eat these ihdiffe W^%r^ Use S,, ; f. ^^^^or. 
•Sandwich, f^^^^^^^ ^ - ^ ■ ■ ■■■-tXii . ^ . 



c 



f. it's 



If she eats the fruit first, 




If she eats the fruit first and sahdwieh second'/^v^^^ 
last? 



i shi6 eaf 
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; l^iss Petersonls 3rd g^^^ 4 favorite games. Theyoften ' 

jVote to decide whicfr Peterson by I isiiqg^ the \ 

^i v/Xr^^ can be played. 'Use 1, 2; 3,. 

, ,v . . 4 for the names of the games. v V ' - 



, _^ 



3 , 


v\. 








, /. , 


/ . 






. , 






V ^ 1 




^. 






y . 














4 , 








y . 








f 
























/ • 









How 



4^ " 

5^ 



^ to 
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/ many arrangements are there of the 4 games? ^ 'Z - >♦ 



:'" .V 

' . ■ Arrangements and^rob ability 
Objective ; To relat'e arrangements tSl^robabiliti^-. 



- Vocabulary ; (No new terms.) 



Ma.ter3.als ; Three cards, 3 in. .by 3. in., plain. on one side, with the' 

■ ■ ■• ; ■ . ^. . P .on one card, A on the second, ^ind ' T ■ on t^ie third; ; blocks'' " ' 
V . : 'different colors; , bags; red, green, 'and blue colorjed •cha.lk or. • 

' sheets of red, -green, and blue construction, paper . ' " ^ 



Suggested ProcecLure : ' ' \ ■ ' 

.-'Divide the class -into, two .teams and make a chart on the •.chalkboard to ^record ' 
scores-:. .-' . ., ' ' ' 



'"Team -A' ^ 


: ■• Team B - ' 


■ No Score ' 









Put. the three, cards on a table,- f ace-' d^wn, and scramble them, Ha.ve a ;child 'turn 
: them- over, oi;ie at a tlpie. Write -the letters on the' chalkboard in the order in / 
which he turns them over . ^Discuss whether or not the letters in that order spell 
a real word.' ' If they do, it . is a point, for the .pla.yer'p team.- ./if they do not 
spell a real word, enter a tally in thq^^Na Score*' column... . ,/ 

. ■ When- ,gevei^a.L childr^ri'^'have^^had any'lj^ to, pla.y, list .the possible . 

arrangeniig^g^sjA^^ the letters 'P, 'A/'-'^^d M. Discus's, the arrangements that 
are real, words. ..Polntr-eun^ tl^t.- of the s^^an^ngements,"'. three are real words 
and three - are r^t.. (PTA is not a wordl)-.- therefore, there a2;e thre^chances out ^ 
(jf. six-- of getting a rfeal word.' Pla.y. the^ame untjil alll chil'dren, have had a turn,i 
and" compare the- numbers of points. In.the three, sectipits, of .^the 'chart. ' ' . . 

• ■ Show the arrangements of letters iji two columns: ^ ■. ^ v;" -. 



/ 



PAT,^' 

TAP 

APT.( 



; ; PTA 
/. |?PA 
ATP^: 



"86 



90 



. • If your cloGs 'has had experience in^ using, rational numbers, you .will want " to." " 
call .attention to the fact that a prob Ability of ^ is the same as a prolj ability 
of " I . If,, however, "the class has ".ript yet, 'encountered rational numb.ers,^' s^^ 
lead children to see that there is just as ^good a' ;chance of '.getting a- word' as "not,\ 
so th'ait' the two events are. : equally likely..; "compare this Vith.the chance of getting 
a crown when spinning, a checker; of drawing . a. ,|.e|^^^^^^^^ containing one; 

red blpck and one blue block or three of eax2]^iiv^dr%f ^^g^^ on a half-red, ,. 

halfrblue spinner. : - - ■ v.,? • ' * ■ , ,• 

• Ask whether it would, be fair for. Team A to./get ' a.-^poi when: a. real word is 
spellei^ and Team ,B to get a point when iip-)real word is spelied- (Yes.;) 



; . 'Sug^^t that the- letterV on the .card's be changed W'"^^^^^^^^^^ ;"A", and^,,,"N . 
Would'^the; game still W-|*air if Teem Ay'go^^.va point, for a, real word and Team B •• 
scored vti^n no word was formed? . (No. ) ' AlloV; timis for Aiscugsion.; It , is- hoped . 
that sQiiieSne wiir sugge listing the possible arrangements of D, A,VQ^^ • ^ :> . 
and will point out that the chances for Team A would be: 2 out . of 6 o^or 1. out 
of -3/ while Team, B would have ^4- . out of 6 :chancesr or -2 out of 3 • , . 

Further Activities ; ' " . ' . . 

Draw- -2 boxes on the cha.lkboard. and print, as shown: ■ , _ 



red 



blue 



Under, each, " on the chalk ledge, place ' a block^ of the: corresponding cblor.. v . 
V. Tell a story" abput a first grade class in- which the. children^ were just ' 

^aearnihg to,> read. The teacher- had used word cards and colored blocks to help: 
children associate the" woi:dSv with their meanings. However, one gf the kinder- 
ga^r^fefi^,^ came .in after '"school, and, after pla.ying . with the blocks^ . put- 

them-4ack under .the word:s.. Since didnVt know which woyd Wa.^-. which, ^le just,, 
guessed 'at the place each block should^ go. ' How likely was it,. that he. got the 
right block under each ^^ord? .^uggest tha:t.an experiment might-'give- some-. 

, of the probability of the . child' s. being right. . ' .; 

'•• ' Ha-ve. the children work in teams' 'of ^ Each-.^pair -needs 1' red and' 1. , 

blue block /■'a,. Jag or box, and; a piejae of- paper on which "t J)! keep a record. V The- 
record shee-tt^tiould be headed, "Red-Blue" and divided ' into, . 2 , sections headed . 
"Yes" .and "N6*''V. . . :* ... ' '. 



Red-Blue 



Yes 


' No „ 







Both; "blocks- are put into the bag and drawn out, one at /a. time; v without 
:•: replacement. If the. red block is drawn first,._^ we pretend that' the kindergairtener 
puts it* under the first qard,. which says " red/ so.' a. ta.l.ly.-is put under • I' Yes" If- 
the. blue. is'dra.wn first, , a/ tally ' is piit under. "No". Each team should make 20 ■ 
■ trials .-.i*-' ■ ■ ■ . '■ ^■ • ^ . v . ^'^ ' 

■•. Discuss- results. Children" should reali:ie , that there is 1 'chance in' 2 
(prpbabllity ^ j that the kindergartener g^eg^ed correctly.- Alsoy he. could not 
, get . 1 block under the right" word without getling-, both under the right words.. 



v. -I 



Pupil page 37 ; ,' Now suggest, that.- the class, can do an experiment y)iich is like 
the kindergartener playing with three different colored bl'ocks>^an^ having 
' .three'^word-cards red, blue, and. green., ' . 

; ■' } ■-■ HaYe pupils us6 theii^ Di^ed^ "blue,' ahd^ gte^n ^cr^.yons to'^color the ■"boxes -^r. - 
on page 37.. They .should '..diE) this in a random way .as- explained above the 
boxes. After all of them' have colored: the three boxes, use the colored . 
chialk or the she.ets .of construction paper to. show.: three colored/boxes .iri' a ! 
\ 'row on the board, for' example blue,/ red,, green/ Comment that: this .is,. one ; 
way the three boxes might be- col-ored and ask if any children " colored their 

boxes in this order. . * • ' • . • ' . . 

■ • . . ■ " '. . ■ ■ 

. Make a chart on the board "and have ea.ch child tell the wa.y he colored 
^- * .the three boxes . Qtiickly record this with letters, for examiple: 

■ ■ ■ A 



- Blue 



Red 

; -R 
G 



■ B 
B . 



. Nyimber 
Right 

1 

'0 . 



EKLC 



..Discuss the^results. How many. times were, all 3 ' in. the right order? 
How many times, was .1^ in the r:^ght place? . Was there ariy tlfee' when exactly- 
2 -blocks were in the rijght plaoep,? ."Ihe chance of having all three in' the' 
right* places seems .to be. abqut • r * in. how many? " ( 1. . .in - 6.; . probability. 
^ .vj The chance of^-haying them all -wrong seems to, be ab.ou^t '1 in how- many < 

Pupils; then answer the four- questions at the bottom" of page 37. 

: . ' ' '.88 ■ ■ 



dl page 38: . ^This page is i;elated to page 37 • Children use their - three, colors 
!to show, all the possible arrangements :pf the three blocks • Enqourage Q&tl-/ 
.^dreh to.:;Use an. oirderly procedure in cbioring the blocks;' for example/ start'- 
with re(i- -f(jr the- first .two rpws';^ start , with- blue .for the" next two- rBws, and • 



with greerf -tor. the last two- rows; . ' ' • ^ •. \ 

.You 'may want to have' the. children ,ii§t the permutations (you do not need 
. to . use this word with the childrenj ), . involved in this, experiment . Ask how 

many different 'ways the blocks . could have been arranged, ;and list ■ the ways. 
.■ For. instance/ in th^ case of 3 colors red/ blue, and . green the " . , 

permuta-t ions .are:. . ' . ' . 

• ' ' ' , ■ B R G ■ ' • / ; '\. , ^ ' \ : :^ . v^^^ • ' ' " 



G R B 
G B R 



■ ...... J.- 



. .Cali attent ion to the '^act t^at' there ;/are '6 pdss 'ib-le -'arrangements'; * tMpe'-- 
fore, t(3f:ie chance of having: all in the right order Is 1 ' in " 6 (probabilit^^w-' 
. ^ ). Howeyer, there are only 2 of the arrangements in^ whi^ none of tlt^e ^ 



I. 

in 



■ colors 'is. in its right pxace;. soothe chance of having., none right -is: 2 

■ /. - •»■■•■■- * . ' . 

" 5 (or 1 in . 3; ' probability r- What may surprise children is/'that ihere 

■ ■ ■ . ' ■ • ■■ ■ ■ " ■ ' ■' 5 ■ ^ •■ 1 , ';\'y.. 

■■■are *3 chances "in 6 of -having, -1 right (probabili-By . ) . Of course,^-;", 

■ there is no , chance of haying exactly .'2 ■■ ■ right, for .af .2 axe ' 2|^ght , . tl:ie. • 
remaining^ l' must be' right; .also./ ■ . 

Discuss, their answers : to .the". six' questipns, keeping in m-ind- that the. 
goal is to establish the idea that the chances; are 1 out of 6/ or the^ " • 
probability is ; (P = of choosing 'a- particular order of 3 thlngq^. v ; 

•You may want to. introduce a -fourth color... as another ^class activity. aij.d. .. 

discuss" the ■ results . Ask about the number of .times all were, in thfe right. ■ . ■ '] 
: place., exactly , 2 were in' the" right place, , exactly ,'..l ' was in the rigl^* 

place, none were in the. right place^ exactiy.^ 3 were.-^n ^the righteplacV^jJ; i-; 
. Here ^ of course, ' there will be ; i^4?3>2*l or ' 2^ possible axrairgements.,;';^^ • 

quite, a jmnp frota the 6 . possible ai-rangement^s with three colors! . . 
. . 5 .colors there would be 120 . pos.sible arrangements. f/ . : ' ,.;c*v 



■. ■':•-/.'■. Pupil . pajjse ^. 39'. This giame: 'is like the': one which 'w^s used to introduce this 
' , :,' lesson. Children ^^hould w systematic 'wgi.yv 




37 



■■X>.v 



Match the Boxes 



rirstr color of the^e boxes red. Then colQr'ariother grden.^^^ 

Now color blu6 the box that has not yet been colored. • ;•^••'^V•Vr;^. ^--v'' 



0 
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' ' ■ ^ ■ '■■■*.. ' 


, ■. ') .; ■ .■ V .-. ■'. ■ _ .. . ^ 















LoQkSth^i^^^ three boxes -on the 



board. 



. '..tV 



1.' Were all th ree^c^ 



teacher's boxes 7"^ 



ne dl'Jce 



2. Was just one of yolur boxes in the same place as the 
teachier:s? * • ; V; ■ . ■ '^i'-'-'^'' '' 

3. \how many ch ildren' in your class- had. boxes colored 

same order as the teacher? ! ■ : ■ ' 

4. How many children matched only the teachfer's firsl 
I /box? .:■ -Only the sf cond box? ' '■ 

Only,t<he third box? T- :.'- ' - . , ;, 

.,^1 \ f ^Vr-.v ^ ■■••91 ■ • ;;■■•:-■'•■•.■, 



v: A .y^y ' '^^ qreeny colors, • S hgw^ a II th e poss Ible" ^ 



a.rrangernents of t he th ree'^boxes. 



1. 



2. 



5. 




/iV ="**v- 



l> rHo^ many times does^o^^ of your r^s of tos^'m 
Z - 'How mai:iy.chances in six^e<there,thM Qne^^^ 



^ourteaclier^yi^? --^v^ • 



; % place as your ^ 

■■■■^■^^y-- ^ -tBachier^s.?:- ' /V^^'-^V 

HoVv many chances are ther(B rn>sixi^ 
: ■ > ;::saM place as yciur teacher's? >f . - > - : : \ ^ ;. ::• 

;N----^:V:match ttie tebheR 'boxes7*^-^s>?' • ■ " ' : " -^^ ■ . ^ -'J-'^ 



A BIRTHDAY PARTY GAME . ; 

Mrs. Black made a game for Tom^s friends to play at a 'party. She put 
cards with letters on them in four boxes, tach boy chose a box. Then he 
■drew the letters oi^ of tiis box, one by one, without looking. Mrs. Black ,. 
wrote the letters dp^n as the boy drew them. If the letters were rn the 
right order to make 9 real yyprd, hegota prize. Here are the boxes of 
letters. Write all the drran%ments for'the letters in each 1x)x iinder the box. 




Blue box. 



Green box 



" Pink box 



Yellow'box 



t 


n 








e 











■ [aj 

.-i.^ 
















X 












ml 

a, 



^' ^ : -jy.^ ^ 



ay 



. > 



gy yf^ X 



1. P ut an X to the right of €jach arrangement that is a real word. 

2. Which boxes would you most want to get? ^^^^ or- yU^^cJ^ 

3. Which box wouldyou least want to get? " " 

4. Which box gives you 2 out of 6 'chances to make a word? 



^ - 5. In which box is the chance for a word 1 out of 6 ? J.^<:^ 
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'LESSQlt 10 " 



/"■ Repeated" Trials . 



Vocabulary: (No ;new terms. )^ 




Objective : / To relate ^^r:^SbJ;^gements from rtepeate(^ trial^ to probability.. 



k ■ 



Materials ; 3 ba^^, each pontainl}^' a* red and ■ 1 blue block;- spinAei^s " 
^/ ■ dials/nalf-red, half -blue. 



/ 



" Siiggested Procedure 



' .Remember, the. pages on which you .were asKed t<^"' color .parts of ■ \ ^ 
'/ f'luLgs redf or blue? <''(pa'ges 19 and 20) . \ When we talked aBout -. 
/ ' t/hat exerpase;, we compared"tl\e second page, where, -yGU' could .• 
/Use the same colbr twice ih one flag," to chQasihg-. blobks f rom ;\ 
2 bags/ .each - containing prie red and one .b-ltie blopk. Without 
using real/blocks/ lefts' list all the things, that might, ha.ppen,^ •. 



V ' \ ' when you choose blockp from. 2 bag^J' - . \.* * V^'.. . :/ . 

Asii^questions whiqh will show' that from the .first bag a red block might be^>: .t ■ 
'chosen;' iti; that case, - one woul/Tget either,' 2-: reds or -a red and .a blue, .(^epen- 
ding on what one drew from* thfe ..se.cond*,bag, W!rite: • • • , ' , . . ^ V; ; 



R R . ■ 



Repeat, -showing th.e possibilitiefe- of drawing, a blue block fir^t., Show: 

.■ ; ■ •'• • ■ . ' : R R '. R B *. B B • 

^ ■ ■ ■ ■■■■ : ■ ■'■/' ■ 

■ ■ . ,\ ■ ■ ■■ . ■ ■ -B R , . ' .. ; ■ ;• 



How many' possibilities are there all Jibgether? {h) What- is the 
<:hance >o'f' getting 2 red blocks?. 1 out of ^/\ vt i^j). Of 

,:^gettingV2 - blue blocks? ( l' out of . or p. ) Of ge;tting ^ 

' \. ■ •- . ' * -'" ' '"l \ • ' ■ ■ " 

>l'\of ^^adh color ? ( 2 : ■ out , of / k^ - or ;^ ) • 



- Pupil page kO: - rUse 'tliife pa.ge' a:s a' class" activity . ,\Tf;Len lead the put)ils^ to. relate . 
* ' 'their work M:o the^ctivity of/ dtr awing a block from pachof the 3 bags, ea.ch 
, ■ containing *1 ied'^-block/' .and •*' 1 blue block." ' Make a l^ist of the. possibilities 



/■ 



on the chaUttoaxd: 



3' Reds 



2 Reds 



■ RRB ■ 



BRR 



1 Red' . 

RBB 
BRB 
BBR 




. , BBB 



JlQW manyVpossibilities are the: re all together?' 8) fn how 



■fliany va.ys. can' you get all red 
"can you get all blue blocks? , 
getting all red? ( 1 



(l) ]^ how maiiy ways. 



blue? X -1 P\it of 8, or 



oi^t . of 



Dlocks 

(1) 

8, g>r 

[if ^getting all one color? 



Whai/^ is the .cbance/'df 
^r ^ ) Of getting all 



( 2 out of 8/ or r- ) 



out of 
of 8, 



8 



or 



or . 

I' 



df'gett/.ng exactly 2 reds? ( 3 
2 reds? ( k' out 



) .j,^ Of gett'ing it least 
Etc\ 



Make ^another chart oh the cha.lkl3oard:- 



■ All red 


2 red 1 blue • 


. 1 red "2 blue 


All blue 




*• ■ 







Have children take turns, drawing a block from each bag, and use tally ,':marks 
■ to show the results* D^-scuss the resuLts in relation -to your earlier- que s- 
tions on. the; chanc§s of getting a giv^n outcome. , . 



ERIC 



Pupil page ^1 : . Do this p^ge as a class a.ctivity. The spinners could, ■ of qourse, 

'be^spun consecuta^^iy instead of ..,at the same time/ or one spinner could be 

■ spu\ three tinies« sit will- probably^ -not be necessary to actually . spin the ; 
^ • ■ ■ ^ ' -v ^ ■., ■ 

spinners in ©rder to determine the arrangements of colors that are- possible, v 

^ . . • ,-. . . „,■... ■ , ■■/ ■■ ^ 

Relate the^ spinning of these three spinners to the activi^ of drawing a , 
biock from each' of , 3 , bags,-, each of which . contains .1 xed block and - 1 • 
blite block." Ask questions as' before about, tHe chances of getting ' certain ; 
'results. ■■ ■, > , "-, /•■■• 



Pup.il pages -^2 and 1+3: Each pupil -siring the half -ted/^half -blue -spinner -in sets 
■ of 3 /.spins and tallies the results of 'ea-ch. spin Wder 1st Spin, ■ 2nd Spin, 
aiid 3rd Spin.. . He. does this for twenty r-f our- sets pT;ipins . 'g?hen in the . 
..rlgh't^'end portion of the table he. marks, in tTif proper columns, the result^' 



95 



J ; s6'we w(xilk\exiligi.iii--<tMO'ibng'!ru^ , ';!ll5o«'fi|ds"" would* occur aWout ^ 

Of the time. * Our' e^'pecta^iun'i'or'..2lf 'trials" is for "l^Io Reds'" to occur ^5^^.^ 
about' 3;. , times... In Question 7, most children will^swer ".No" . It vfi 
be very unusual to find, in. just 2k trials, ' that ■ ' of the .trials, o| 
•were ."Three Red", |, of; the trials, or 9, were.' "Exactly Two Reds|) 
i of the trials, ^ or - 9, , were "Exactly' One Red", and' p- of the tria|§J 
.or 3, ^ere -"^o Reds". If appropriate, h,owever, work with children^tb V 
help them see that in-.th? long run. the e5ipe.cted results would 'tJe close to ; 
the fra.c;t ions we -have indicated for^ .the probabilities. The,/ferain O^easer . 
gets at this idea.-. • ■ >■ ' '/'■ '\ 




;*:-' .lJ^e your: red an^ three parts of these 

jlagi See hovy^imaqy colpr^them. 



3 Reds 



2 R^ds 



1 Red . 



• No Reds 



'7 



.1 



■ \ 



A 



■ ■ - 



£1— 



1: ^ HOW many ways are there? / _ How many flags are^all red? 

2. How many flags have mdre red ttianblue? ^ 

3. How many flags have more j)lue than red?; 

4. H?ivy many flags are all blue? • / 

5. j4ow many f lags jDave at least 1 part red? 



6. - How many flags have at least l. part blue? _ — %_ 



201 



' ;/ : 'jV, Qn anpther pa^e we recorded; 

•ah:d^ blue, spinner. We hoted thit it is;p^^^^^ 



: Two Reds 
* 'Red, 'Red 



One Red . 

Red, Blue 

■■ . , \ 

aiue, RiJd ^ 



Here are pictures bf 3 spinners. 




, No Reds 
Blue/Blue 









-V 1 








;^(^Re?\ 














C 



If all three are spun at the same time," list the arrangements of colors we 
Could get, ' ^ 



Three Reds 



two Reds . 



One Red 



No Reds 



■A 



1. How many different arrangements are there? : f 

2. How many are all red? / 

3. How maijy have exactly two red? _^^'', . 

4. -How many have at least two red? <l- ^ ' ~ ■ 

. . , — . ■ . . — — . — ,^ ^ 

5. How many have at least one red? ' ^> 

6. How many fiave. no reds? ^ / 

Brain Teaser. If you spin the 3. spinners 16 times, yoy would expect 
RRR to happen about times. 



42 



Use this spinner. 




The Spinner is to be spgn in grou] 
Record the results. 



)f threa spins. 



i 



; i$t Spin 


2nd spirt 


jrd spin 


Thre^e 
Reds 


Exactly 
iReds 


Exactly 
One 
Red 


No 
Reds 


Red^ 


Blue 


Red / 


piue/ 


Hed 1 


3 \ I'l n 

jlue 






— « — t- 

■■ \.;/ 


















— \ 

. \ ; 


/ i 


















. V ' 


* / ■ 

/ ! 
















* 




/ . ■ 1 

/ • ! 








•Ml • ■ 






/ • ■ 




\ 


<*• 








1 > ■ 












X. ■ 




ft 














t. ■ ■ . 


\ . 










<■■ ■ 

■V 




.V V ■ 






r 




























— — 


! ■ 


■ 11 






































/ 






















- — — — 








































w : ' 






































■. t 








... k 


































—. — T nr 






• 


























































* 


















f 
































/ 
















■ • Totals 




"v 
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Use thetotaJs on the table you just completed to answef : 



1. How many "Three Reds" are there?'_ 

2. How many "Exactly Two Reds" ? . 
U How many "Exactly One Red" ? 

■ . ■ * - * ■ ' .. 

4. How many "N_o^ Reds". ? . • 

5. ; On 24;jroups of spins, about how many "No Reds" would you ■ 

expect? ■ . . ^ ^ ' 



6. Did you gel the same number p| "Threj^ Reds 
"No Reds" ? 



as 



7. VAre':^our results exactly the samkas the expected results? 




8.^In many groups of spins," would lou expect the nui^iber of 'Three Reds 
to be about the same" as "No Reds" ? 




Brain Teaser. In 800 groups of spinL 

(a) I would .expect "Tltree Reds" to happen alput 
^/^cp 'times. 

(b) I would expect "Ex, 



ct IV TwQ R eds' ' -to be th e res u It 



■ Xm 5S. 

(c) I woulJ expect "Exiictly One Red" to be>he result 
about times? 



. 1 

\ 



Repeated Jrials- ( Continued )* 



- Objectives ; /To gain^.^kill in using tables, first introduced in Leqson 5, for .- 
■ • * organizing 4ata;. to* use-tables fpir organizing and Inteypret'injg ; 
• . , - . data from repeated trials.. . ■ . > . " v •., ; ■ ■ 



. 0 



Vocabulary : 
Materials: 



(No new terniG. \ ^. 



Two cubes of different . colors . (with a :.f elt *:pen, number the;,l*ac>e^s • 
'of eaich cube" usfng, numerals -l/thrbugla^ ;6:'-- or .2 through T> 
3 through 8, * etc., depending 'on the' addition practice desired); 
oatmeal box 'or other container for 'the cubes. ^ . ^ ; ^ . 



Sugg^'sted Procedujre : . . , ' . ' . ■ , 

1' In the> preceding^ lesson, children listed the possibilities -for the experiment 
of *drawing 1 .block Trom each of ^ two bags. < State" that we could find tHe possi- 
■^:?|,biiities systematic ally /using table.- ghow on the chalkboard: ; / , 




First .Bag 





Red . 


Blue 


Red ; 






. Blue 







RWind the children 'that they first/used a table in Lesson 5 -and ask one of -ihem 
€(^.place the entries in this table. ; You may; need to explain agsmi^ that the left 
•side .^hows, the color of^ the ' block taken from the first bag and;, thb^i^lor will be 
i-ndfcated f irst ' in its row, The top of the table shows the ' color 'of the. blobk 
from. the^econd bag, so that ' color 'is' written second' in the co limn below .its name. 

■ • ■ - Second Bag . . .■■ ■ . • 



jFirst Bag - 





Red' 


" piue- 


■ Red 






Blue 







Show that the pdssitilities are all given, as they were when ypu wrote ' in the ■ 
last lesson; ^ , .' ' *• . " 

■' • ■■ ■ ■ , : , . - BR ■ .'■ " ■ 

"You might say-;that a'tafele makes it gossible tS find the' 
possibilities'. , ' • •. 



) ) 



Now in order to find'the p'ossibilities* when a block is taken from each Of 
3- bags/ use another table. 'On the left, show the ' possibilities from '2. bags 
(the. entries' in the first table). At th^- top sh6w. the possibilities from, the . 
third bag, and l^ave chil'dren help to complete the table. 

i ^ ' '■ ■ ■ .. 

. V : \ Third Bag * 







Red 


Slue ■. 




're 


RRR, 


.. _RRB' 




,,RB 


RBil ■ 




■- .First Two Bags; " 


-BH . 




_BR 




BB 







Again, rewrite in the form used? in .the preceding; lesson so. children can .See ttiat. 
no ^possibility was omitted. 

' • . , . . 3 R^ds . 

■ * ■ 

■ ' -■ . /- RRR - ■ 



V 



if 






2 Reds 


^ 1 Red ■ ■ 


/ No .' Reds 


RRB 


.. ^ EBB'/ 


^' u BBB : 


■RBR * " : \ 


" / BRB . . ^[ 




' BRE 


. ^ ! : BBR. • 





1? 



- IJse cubes and -an Oatmeal box or other container for. the cubes. 'Number the 
.faces ns suggested in Mat erials so that your children, can get the pra.ctice- ±xi 
addition- that they need. . -HaVe'/a child s)iakr:^e ■ cubes" in a "Box and spill them*'-^^ . 
put on a' desk. (A few .newspapers or a^ piece of heavy cloth on the desk vilj help, 
to. reduce the noiseiy The* top fa.ces of the^ cubes .are the- scores. " Keep a. record- . 



. on the chalkboard 
through 6 . ^ 




is example is for cube s^ with faces numbered , from 1 



r 



102 . 



'■ ' 1 


Yellov ' 
Cube 


■ Green 
Cu'be- /. 


, , y " 

.•;^core ■ 


Mary ' 


3 


; ; 2 




Jim 




■> 

' r ■ 




■ Lucy 


■' > ■ 


\. ■ r 


' - V 


■ • '■ ' - ^ 


\ ^. y 







X7 



• When all ha.ve;;had a turn, have childrerl .count to find out how many tim^fe 
:each numeral' appeared on "the yfello^^. cube .di^d on the. green cube. ■ Firfd ,plit 'how ' 
many, times feach "tot'^.1 score was- ma*4e . ■ Use"a7'cTiSTlr-i4^ the following on '-the . 



chalkboard): 



J.J 



Yellow Cube 


1 


2 


■3 


1+ 


5 


—J 

.6 
















Green Ciibe', . 


1 


2. 


.'3 




5 


6 















Total Scof^ 


■1 , 


2 


3 




,5 


6 


.7 


8 


9 


10 


11 


12 

























■ \ 



\ 



{ 



. Discuss the fact that it was- just as likelys,that on either ' oube the ' 3 - 
u . ^ j" ^ ■ ■ ■ . ■ . 

would be up as that the. p would, etc. , . \ ■ ; , \' . 

/'How^ariy possibilities a*re there', if ju^t one .-cube" is used?' {"6) :\ 
Are a^. 6 possibilities equally likely? .(Yes) ; ... 

. ■ ■ ",. ■ ■ ' ■ . \ •■ ; ■■ . ■ ' . . ' 

Comp^-re' with • the results shown oh the chart for each' cube alone. ■ . ' 



How. many possibfiLlil^les are there for total -scores?:' '. 

'..Which score was made most ■'often? ^Wh'ich score, was madie ' 

^ least ■ often? " ' . 

^- ■ ■ J' . r ■■ . . . ■ ., 

. When we added the two'numbers on'the faces that Ve re up we 
got the sums, which* were : the .total .scores . How- many 

* arrangements do.: you think' woi^ld .gp-ve asmn'of •2'?-.;(l)- 
Of 7 (6X Of 11 ?. (2) ... ' . 



Ask ^'children to -suggest a simple <^a.y of fixlding all pbissible arrangements. ■ Remind- 

them of the ta.bles used before, , if necessary, ■ and encourage them toS tell how a 

• V ■■■■■■ • * ' ■ ' ' ■ ' ■ ■■■ 

tal)le for the. new ^problem should be made. Show the table on the cha.lkboard: 
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Let .'children;!* help- 1^^ talile,-;and theij^/repeat e.arlier. questions' about; • 

eombinations^ whose' sum -is- 2. \ 7/'-*etc. \ • •.'-* •. 

^ ■ ■ ■ , . . ' .■ * • • - ■ 1 ' • ■ ■ ^ «• . ■ ■ , ■ ' ■ ■ . . - • •■ 

■ , • ^' If" you ha.ve 36 diffe,rent possibilities /what ^re the chances-of 
* " / ,;.^^ttlng a/-scorfe .of ^ 6 -? ;(' 5 oui; of • 36,. or ^^V^ ' • "'X . • 

' ( 1 'Out "o:^ •36/- or ) . Etc. What score • do- ypu have the. best- ^. "'^ 
-chaAC^ to -.get t.; (7) ■ What scores pe you -least likely to get? ' ' 

y.'-.^^. (.2; ■i2y ' / ■ ; . ■ ; / ' -.^ ■ \ ■ ■ ' ■•: 

Show, the.^'.-l" iri the- ch^H' fbr.^total* Sfores^ip||fe vheri' the .cube's. 'were actually . 
tossed... ■ .'..iV.' '\ ■ ' ^ 

: ■■ . . ;: *■ ."Nobody-'^ade . a scOre^'f ■ i v-. ^Why? ( Ijupossible . )\: What chance did ? 
- you have of racking :d .lGore '6f . l'? .'(0.) 'Of J ? (o)' Of 2^^/'' " 

..■ ' (1 oui: of 36, ■ or ) ■•'^■r ■ ' 

( if you -have used rational •numbei'^/ show the probabilities' as 0, •. etc*.; - ■ 

Piipil pages'ilif.-t6: - These pages, prbvide .practice in -using 'tables to . organize data' 
. • . and. present opportunities -to '■^terpret .these data. /"You may waiit to use ration 
■ -^.1' numbers giid bring but/ 'fpr example in Exercise 3 page4^, *hat .th$ prob- 
: • ability of getting red on both 'spins' ig It would be- easy^^^O' move from..:..^ ■ 

■■ ^ "7 '"chances'' ' to" the background, : , . . " 

■ Pupil - p^fe ^T: ' 'iT^is is the first page on w^iciu;two tables ard built. .Yai^;may 
. ■ . • want' tp/.comp^^^^ it'. as a :class. activity . ' The^ 3. spins-on the spinner can 

be; compared to dra.wing a block from eachyOf ■ 3 /^'ass each* or-whcich" contai^gs . 
' red and . a blue, block.: It. can also be compared with page ^1/ - the' .three ■ 



, ■ spinner page, and with pages U2 and 1^3 in which an actual experiment was ' .. • . 
peprfbrmed- ■ ■ . . . ' ' 

^^hs 'snd k9: ' Encourage children to ' list. the. possibilities in E^rcisW 3, 
in ^ ordei-ly manner, that -is, to aompl^te this exercise by reading from , 
; • -..the'Wble in aaeft.to right.end top to bottom sequence. Discus^ the answers 
' :'with%he children-, ''naJari^' additional: eiqplanat ions as" seeded, Foi^ esdample, . 
'/',for spins ^ of thig^ ^ . colored spinner there are 3 X 3 .^of possibil- 
■..:' V; .aties.V-- while- for ' 3-.. .spinS *of this spinner theye -are 3x3 X 3 or .21" 

•possibilities. ^E^ercis/llv asks' for, the number of possibilities for: k • ' : 
sp'ins. Yoii may 'wit to ask the -same-question for ' 5-, and 6 spins". . , 

Pupil- page, 50; Children should "first complete the left side of the table and; 
^ then make the ' 611. entries in the table.. ' Discuss this page as you did 
■ ■page's kQ'an'd hg. ■ ■ , ' • ' 



Rzpli pages 51 and :52;- On. page 51/ the pupil b^uilds three tables _and uses the 
r . data from these to answer questions. ^Questions 7 and 8 go with -the table 
, ■ -form', on page 52.- You may want to do these pages as a; c-Lass 'activity, ha.ving 
• children show hbw they obtained the answers to each question. ,* ... , . - : 




Wrjte in the table to show all.the possibilities of 
\ two spins on the spinner. Red and blue are- • . 
equally likely. " - ; 

. Second spin - 



\ 



5. 





1 Red 1 


Blue 


Red 


R R 




Blue 







1..., This table shows1here\are / different possibilities when we spin 
this spinner twice. 



\ ' 

2. Complete this list of possibilities: 
Both Red 



-Exactly 
\ 1 Red 



. R R 



R B ' 



0 Red 



3. The chances of getting red on both spins are / in 4 

4. Th^re is / charice in / ^ of getting blue on ix)th spins, 

5. How many chances in 4 af^e there of getting only one red on two 
V spins? ^ : I I ' ' - 

6. How many chances in 4 \are there of getting at least one blue on ' 
two spins? ^K-/ 
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This sp%er is spun two times. Use the tabl-e 

to show all the possible rjBults. The three 

colors are equally liKely. . \ \ 

' Second spin 



O- 



I/) 





R 


Y 


B 


R 








Y 




/•X 




B 




J/ 





1. 

2. 

.3. 
4. 

5. 
6. 



With'two spins there are __X^P05^^^^^^^^ " , 

the chances are - / in 9 that both^s^ins will stop on red. 

, The chances;of blue on both spins are / out of 7 . 
Of the 9 possibilities, there'are 
yellow: V • 

The chances- are ^ in 9 'that at ^east one spin will stop on blue! 

Look at your table. How many times do you have RY ? __/_ 
. The chances of getting RY are __/__ i^ ^ ? • 

. The chances of getting a YY are 

lessthah greaterthan • • 
gettirigan ,RB. (Ot/cle the correct one.) 
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. Each of these bags has^a red,, a yellow, a Wue, and a. green block. 
You. draw a block fjom eaqh/bag, both bdgs at the same time. Then each 
block Is returne/^^ Use a table to shoyv all fhe possibilities.- • . 





First Bag 





R 


\ -Y ' 


B 


G 












Y 










B 




^/ 






G 




ay 







iV There are possible results. - , 

.2. The result R R has / ct^ances in . 

3. " Of the 16 possibilities, there are ^ which have only one green. 

So there are - ^ . .chances in 16 of having only one green block in 
one of the possibilities. : " 

4. :The chances of at least one green are out of . 

■ . ■ ■ /■ . • 

5. ^resulf of a blue block and a green block happens ^ times out 



of 16 



(^<^<^ <a^,^ '^•^J 



6. Will a blue block and a yellow block be expected more often than two 
yellow blocks? "^a^ r^'/ <^-/ ^ ^^-^ 
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This spinner js spun three times; > Complete 
thatables to shov\^ all the possible re^sM^^ 
Compleite this table first. . ' " v 




fhifllpin 



Second spin N 



•to C 

^ EL 

U. CO 





Red 


-Blue 


Red 






Bfue 







^ CO 
A- CO 







; Blue 


R R 






R; B 






BR 






B B / 







• Q Red 



Complete tliis list of possibilities.- 

- 3 Red. . 2 Red 1 Red 

1.. The tables and the list show there are " / pos^ilities when we 

spin the spinner three times. . - " ^ ; , 

2. How many chances in 8 are there of getting blue on all three- ^ 

> spins? / • ^ .■■ ^y'' ' ■■" ■ 'i'^- 

H There are chances in ^8;J)f4ett^ on • 

thrlse spins; | 

4. There are / chances in 8 of getting at least^^e blue on " , 

tjiree spins. > • 

5, Which is more likely, A 0 r B ? Circle the letter is(f the correct answer 

to get two reds and one blue 
B. topet three blues ' 

Brain Teaser. It is s=/ ' times as likely that the spinner will -stop 
on red exactly twice in 3 spins than on red ; 3 ti^^^^^ 



3 spins, 
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We found the jDOssibilities when this spinner 
is spuntwo tim.es.' Our table was - j , \_ . . 

Second spin 



^Complete the tabl^ below to show all the 
possibilities .ot three spins. , ' x- 

. , . \ Third spin 



Q. 
to 





'R 


Y 


B 




Rl^ 


R Y 


R B 


Y 


Y R 


YY 


Y B 


B 


B R 


BY 


B B 



CO 

C 

o 

CO 

■a 

' c 

•♦^ 







: : 


B 


R R 


* 

R R R 


R r:/ 


^ 


'R Y 




/cy^y 


vey£ 


;r B 








Y/^ 




y/cy 


yA^ 






yyy 


yy^ 






y^y 


y^/i 






J'^y 










Ayd 






A4y 





1. When we spin this sjDinner 

2 times, there are ^ 
possible results. 

2. When we spin this spinner 

3 times, there are ^^22V 
possible results 



3. List the possibilities for 3 spins under these headings 
RRR YYY BBB .2R * 2Y ^ 2B 



different 



^^j^ y.:y^ -^/^X^^^^^^ 

. . : -i^^^. ^^-^^ 

' ' . . . . V ^-^is^ ^^J' yj^ J"- 

• ' ■ ' yy.^ Ay.J y.^^ 

- • • / d.^£- A^y a£z. dy.£< 
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4. ' How'many times does the result have at least 2 reds? 

5. There are. ^ . times when the result has exactly 2 reds,* 

6. There are £ times when the res.ulf has exactly 2 yellows, 

7. There are ^ ■ times when. the result iias exactly 2 bjfues. ; 



8. There are j ^ results which have one red and one yellow and 



orie blue. 



\ ■ 



9. How many Qf the possibilities ha^^ 1* red? 



lOi \; Hbw. many pf the possibilities had exactly 1 yellow? 



sriikely that li-esult will have exactly 1 blue as exactly 



11. Is it 

2 blues? 



■ 12. Wh ich of these res iji Its is . more I \my ? 




3 b'tues 2 yellows and a red 3 reds ^^all different ^ j ^^/ ^^t.- 

li.,Pntliree spins, which'Of these results are you least iikelytoget^ 

liffer/r 



2 blues and a yellow 2 reds and'a*y€llov((^ 3 yellows^) all different 

1,4. How many possibilities are there if we spin this spinner 
; 4 times? ^/ ' ''■■[:/' 



11 

111 
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Each of these- bags has a redr . a ye I low, • a. bl u e, a n d a g reen 'l?iock; ' 



It 






[E]>l2l 

'{mm 

We found the i)0sfTbi lit ies of drawing a block from^^ach of two bags. They we're: 

IJj/ R'B' r'g >*-r-\-,, ,,/■ ;■>. . -/^ ""'v'^ • ' 'l.^''J:k:^ 

y Gv How mani^possibilities are there when we draw 

^ 5 i^block from each of two of these bags? 

Now we will think about drawing:a block f rom each of three bags; Complete 
this tabfe to show air the 3-block arrangements you can make. ' " 

Third -block " ■ 



u 



CO 





R 


fY 


B 


G V 


RR 










RY 










RB 


/^//^ 








RG 










YR 










Y/ 




y/y 




yyC" 






/^y 






Y_^ 




yay 






BR 










B r 




















B ^3 




















G_/ 




(^yy 


-7 




G# 




V 






Gj?/ 











\, Hpw many poss ibi I it ies are the re 
when a block is withdrawn from 
each of tfi ese th ree bags ? \ 

2, How many of these ppssjbilities 

ark BBBv?;^vL_ ' 

3. ^hat are the chances in 64 of 



getting GGG ? 



4/ Is it jikejy that 2 reds and 
a yedow will be the result more 
, often than 2* yellpws'^and a' . 
rect? ■ . • ' . / 

'5; How many times can we expect : 
■ 2 reds and 1 blue? :^ - 
2 blues and 1 y6Jlow? _^_£_ 
' " 2 greens and 1 red? ^ 
2 yellows ahd 1 green? 
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■ :■ '■■■■^ ■ ■■■ ■ '■, - ^ .. •■■■•.,51. ■ 

Jim likes c'ake and.JellO for dessert. He can have just one- dessert each 
s 



day. On Tuesday, Thursday, Friday, 'and'Sunday of one week his mother let 
him choose which one h'e wanted. Find all the possibilities for his dessert on 
those four ;days. Use?; C ' for-<:al^e'and» J for Jelto. " . 



A. Tuesday C er J 



B. 



Thursday- 



TUesda>i' 



C. 



•Tuesday 

an'd 
Thursday 



D. 





c 

l' 


■. ■■■■i'.. 


- * ■ ' ■ * ^ ^ ; 




U 


J 


c 






Tuesday, 
Thursday, 
arid 


e,c,c 


e c c o 


CO- c^. 


J 






ecj" 








Friday 










C 




Friday 


'cJ'-J' 






G,C 


cc c 


ccsr 






J^ c c - ^ 




' cJC 


cJ'-j' 










•JCt 























Look at Table B wh ich Ihows the possibili'ties fpr Tuesday and Thursday. 

1. In how jTiany ways can he have dessert for ||\ese two days? K 

2, pan he ha've cake on Tuesday and cake oh Tt|ursday? _^^^ 



3. If he has cake on Tuesday, he can have ; 2e6p on Thursday. 

4. Put an X- in this box which stands for Jello on Tuesday and Jello on 
• Thursday. 



Thursday 



uesday 



l1 


c 


J 


c 






J 




X 
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Look at Table C which shows the possibilities for Thursday, 

; ' Friday 



to 

CO 



no 

'in- 
to 

>> 

CD 

to. 
a> 



t . ■ 


c 




C;C 








, » ■ 




j,g: 






J.J 







.and Friday. 

■ — • •> ' . ' 

5. How many possibilities^re there for dessert 
.on these thr6e days? . 



6, Thece are >^ -chahces in.. 8 of having 
• > Jeltd oh at least 2 of these days. " 

7. Put an X in the box. which stands for 

/ Jello on Tuesday and Friday - and cake on > 
Thursday. - • . . - 



8. Put an Oj in the box which stands for cal<e on.Thursday and Friday 
and Jello on Tuesday. 



• LqoIc at Table D which shows the possibilities for all four days. 

9. How many possibilities are there for dessert on these four days? 

10. Th is is ' times as ma ny ways as for th ree days. 



11. In how many ways can he have cake' twice and Jello twice? 

12. In how many ways can he have Jello exactly 3 times.?._ 

13. TtT^e arre ^ chances out of 16^ to have cake exactly 3 times. 

' \ . ■ ■■ , • ' . - ,. . _ 

14. In how many ways can. he have cake at least 1 time? yS' 

15. 'In how many ways can he have Jello at least 2 times? /4 

16. In how many ways can he have cake more than 3 times?. / 



V , . . . . APPENDIX , .■ 

' ' Probability \pevices 



\ 



This section suggests .deTM^es yhicJrXpu niight find helpful. 'If is taken- 
. from the Pupil Text of Prob.ahility .for Intermediate Grade's', and- so it is. written' 
-.-•for children.- 'iHowQver J from- it you' may wist) to plan- ajctivities for supplemen- ;:: " 



tary work' for individuar children or- grbu^s . 
i. -Regular Solids 



•We have us^d coins, di'ce, cuhes, caxds, and other materials to help us . * . 
learn about probability, but there are many -devices which are just as useful. 
The patterns -on. the 'next six pa.ges axe for the ..construct ion of regular solids ' 
which can be. used . in probability experiments../;. The pattenis ..can be traced on ^.^^ 
. . tagboard 'and the solids will then be sturdy enough tp. tos&^ or. roll;. 

The tetrahedron, octahedron, 'and hexahedron (<iube) are not difficult to 
■construct. .Just fold on., the dotted lines a^d glue the t3bs. : . " 

. > The dodecahedron is' more difficult to construct\ Make the first -half of •. 
■ it. by cutting .to the dotted line at ea.ch arrow. Then fold /on the dotted line-s 
. .and gluQ the," tabs. Complete by folding the second half and g"ltt<ng it to the, ' 
' first hal-f,^ tab by tab. 'Do not make both halves and then try to put . them ' 

together." ^" ■ . ■ ^- ' 

■■■ * * ■ • ■ • ■ - - . . V .. . , " 

The icosahedron appears difficult to' construct/ but- it isn't. Cut to the 
dotted line at each ■ arrow. . Then fold .and .glue the tabs in order, one by one, 
■.and it' will work ou^vtiicely. ■ . ^ . \ -'[^i. ' ^ • 
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glue- tabs: " 



If tfie^cube is to have 
"dots" on its fates, make 
the dots as shown be loW.. 



• • • 



'7 ; 



5 



I 

'^'\ 
■■ . I 

v.- f 



2 



If the cube is to b^i; '.v^>:fe 
. numbered, 4jse the / 

: numbers as-shown^|i;|||# 
• so that opposite 'facej^r: 
Will have a sum of ,.7,.?''v ,., 



y-- 



3 



1 



■1. 



If 



7^ 



Cube ^ 
or :»:. 
Hexahedron V 
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glue the tabs 




Afterxutting Jtout; 

glue th^joirtingv 
tab to'lhe edges. 



■A dodecahedron is a 
solid with 12 faces.' 
It may be numbered, ' 
colored,, or even used 
■ as a calendar - 



.rFir$t.,hialf of a" Dodecahedron 
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AfteKcutting this out, do not. ' "\ 
gluaadjoining tabs" to the edge. 
Instead, glue one tab at a time 
to the first half of the dodecahedron. 



glue the 
tabs 




cut.to the 
dotted line 
>v \ at each 



Second half of a Dodecahedron 



2. 



Tops 



. For a small top you need a piece of cardboard, a wood dowel or ' sucker 
stick, a straight edge, and a compasis. Use a two -inch piece of dowel or 
sucker stick. Sharpen one end to a point with a i)encll sharpener. * 

Use a compass and straight edge to 'make the dial from cardboard. Mark 
a point for the center and d raw a circle with r adi us 1^ inches. Mark any 
point on the. circle and, . with that point as center, strike an arc with the 
• same i^ius to intersect the circle . Continue to strike arcs around, the circle, 



First point 




tir^c 



Connect points marked ani?^ cut off tne^outer pa^ of the region to make a 
hexagonal region. Divide it as desired. Here are some suggestions: 
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Poke the sharperiea end-of the. stick through the : centei:. of\ the hexagon. 
(A drop of glue will help to keep';it:-fi:om wearing too lai^ge^ k^^ 
experiment first to find the best balancr^^or^he to^ stick be- 



tween thumb and. forefinger . Spin the top on -a flat .^Urf dee. 
stops agaiast' the tabid is the one that is counted. ' ; 



OPhe edge ths 

-4' . 



A large top may be^.made irf the • same way. An ©rdlnaiy pencil makes an 
adequate stick. It is a good id ea/ h o wever^ to .oXit t he cardboar d along f-be 
division line is at the center before inserting the'.pencil\ Use glue to fasten 
the cardboard to the pe'ncil. ' . 

'The .top can; als6.be made with eight e^iges . or with twelve.^ Do you, know., 
how to do this? . . 






(can make a top with two or three dials. Use a sucker* stick, or thin 
do^JKE^Mr . iiiche-s long and Sharpened at one end. Make a circular cardboard ' 
dialT 6. IBgfed K in diameter. ■ Inscribe a hexagon/, but do not cut at. out. .■ 
,/Cblbr-as sho\ 



Ml 




Insert the stick through the center and glue the dial to the stick.., 

>f^^.-^ ■ ■ • • ■ • • ^- ., *■ 



When the glue is dry, place over the dial a "beariijg" ' made of a piece o'f 
milk carton .1 inch square with '.a hole in the lAiddle. Make, another dial 6 ' 
inches "in diarneter, but if possible use "cardboard •that' is slightly; lighter, in 
•xfeight. Inscribe a" hexagon, color, and cut .as shown: " 



/ / \ t)iue 






/orange \ / 


red . / ^ 




l\ purple / . \ 


/ yellow / 






\\ / green 





Make cuts 



5 



inches long on\ 



the lines, Ss shownj by arrows 
Bend the cardboard up on th^ . 
right of e.ach ciit to make :a 
triangular "wind-catcher". 



P^a.ce -this dial on top o|* the bearing. Before ; spinning .the top, .line up the 
two 'dials tlhat the .colo.3>s match. The bent-up cardboard will let you do -■ 
this. Spin, * Reaord, .the number of ^ spins necessary before the* .colors again 
match,. "How many spins -would you expect it to take? : ■ . -., 
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■3 . Skinners 

■ SpthnWs; which come with fiqst games have a'-^ixed dial, and ah errow which 
spins'.' You can make this type ■ of spinrte^-. MoiheX; spinner which is easily ; 
coristrCiQted -is one in Which .the. dial spins,' as .shown' in he drawing." Constructs 

:'the- base -put. of heavy t«g- boar^. Use a heavy^ paper cUp. for. the. post, and then 
vaMous*di'als may be '.exchanged land used on the base., . ' . •.. 
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Another ^pinner with dials which go. from large to small can illustrate how 
items can" be put' into an ord,er»r Each heavy cardboard dial i^^diVided into Q, /' 
number of equal^^ parts , The numb^ of ' parts is the- same • as the* number of items . 
to be. ordered. For example, to experiment , to see 'how four rows^in a classroom" 
migtit'^e dismissed for lunch, each of. fofir dials is divided into f bur equal " 
parts."' (A dial is mad^'.for each row. ) \Spin . the dials and record how they line 
up with the arrow -on the base. • Tl:^.^ 'device can be used -to- illustrate an. " 
orderly way of Arriving at and 'listing" the various* arrangements . 



f 


1 


1 


1 


* 1 




1 . 


■ 

















\ 
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U . : .. A Windmill 



■;,CUt four ■pieces of "file card or tagboard to make two vanes. 



■ 5 in.—fr 



3 A ..in. 



T 

l/?~in. 

A • • 
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Staple two piea«' together in two. places as shown in sketch . B . ' Color one • . 
side of this- vane red with a pencil or crayon. ' Insert a sucker stick : in .the . 
middle between the twcy pieces. Use a punch to make a :^ole in a piece of milk 
carton one-half inch square foV h "bearing". Staple the other two' pieces of 
file card together -to make a second vanel Mark one side as before, and insert 
the top of ^. the stick between them. Paste a : strip of gummed paper or tape .over 
one end of a snjall spool. Put the end of the .stick into the hole at the oiher-.^ 
" end of the spool; Hoid the spool and blow the f i]^e card vanes. They should 
turn*" quickly and independently. 



file c 

■ V 



staple 



'milk carton bearing 




B 
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■ Practipe blowing' a few 
times. • When vanes have stopped' 
turning, lay th^m gently on a . 
flat surface so that both vanes 
are flat on, the surface. .Then • 
record whether both. vanes are 
red, diie is red and one is whit^ 
or .both are .white. ^ After fifty 
trials^" ^do -the results .of the.- 
experiment; iStrtTrth .the ex-. 
,pected. results?. ■■ ^ 



Whirly -bird ^ " . ■ ' ' ^' 

^ThiS;lp a^iother type of windmill- ^' - . 

Use^ a section of quarter-inch dowel about. two feet long. Wax it by 
rubbing it with a .piece of * crayon. Follow the directions as given for a .wind- 
mill and make as many file-c^ard vanes and milk-carton bearings as desired'. 
Hold the. dowel. at ' both ends, like a haiftnonicay and blow. .When vanes have 
stopped turning, lay the Whirly -bird gently oh a flat surface so that all. . 
yane^ are on this surfao^. , One vane Corresponds to one coi<i^ so ten vanes 
. can be used. , to duplicate an experiment of "tossing ten coins*' Can you 
think of other ways to "color the vanes so that oth<sr. experiments can be done? 
. * ■ ■■ - • ■ ■ .. ■ ••• • ^ 
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5 •• • - ^poon' device ■ , . . . ■ ' " . 

. " • ■ • " ■ * ' ' ' ' ' • ■ ■ 

.\''use two plastic picnic spoonjt of different . colors . • Lay the. handle of .one 

on the handle of the. other ' so" thaij the bowls are at opposite ends and f &.ce . " 

opposite ways. Fasten with two rubber bands as shown^ at arrows ^ 




Roll- the handles, between yoar palms and drop' on -a table;' from a height of a 
foot; or '.so. . The spoon on top counts • ' Is ,it just a.s.. likely thgt one spoon 
will be up as the other? . . ■ ■ . ■ • . ' . . " 



6.. [ Sampling Boxes ( Urns ) 



: Many probability experiments reqiiire a /sampling to be taken in a random . . 
manner. This-^evice uses various' colored 'marbles . 

-'"An oatmeal box-,; serve^s well' as the , contained, (urn)". Cut round hbles, teri, 
. for example,: In. the?' bottom of the 'box. ■ These holes should 'havf.^a diarjieter 
• slightly, smaller than' the ma 3:bles ' ^O' the marbles cah-be, seen in' them. ■ Ch-inese 
Checker marbles serve'- Wll*' and come, in packages of 6^*". colors', 10 of -each* ^ 



« « 




Example:' . TelJ. a friend' you have 6o . marbles . in the container . * Do not tell ' 
him how many there are of^ jeach color. Vse;^foT example, ko white and 2C^' 
black/ Turn the urn up 10 timeB^and^^re^ - 
• which^.^how' in each sampling. ^,Prom the ,tbtal7"^reaTct~1*ie^^^ number of~ 

white -aM black marbles in. the urn.- . * • / 

• "A second sampling box can be. made by usifig a-box '^rectangular or ■ cy liri- 
. drical) with a lid. It should, be^large enough to fellow objects such marble 
or small balls to roll around.' " 'lA' ^^" corner of a. rectangular box or at t' 
bottom edge - of a cylindrical one , cut a. hole just, large enough to^ 'let one 
object-go. through: easily.. With the hole up,, shake • the; box. :Turn it.over irT 
your hand to let one object come out. ■ ' • • ' 

..A third sampling device, ' a paddle y,; is • made as shown >^ the draj^inig. ' The 
holes are slightly smaller in diaifleter than the marbles. Oit a. bo^S>-=g!fown 
(a shoe box works well)-. Place iparbles in the b03?.' Scoop with the paddle^ 
until all "holes"- ar©: filled.^ . Thie gives a " sample .of /the' '.entire collection 
of marbles. - ■ ' . t. ■ ■ 




4 



y /Egg - Ci^lrt 6d Sariiple V * >^'^'\l^ : '*^\:^'^^ 

^:;v.;::;-"; . 'A^V'^Sg carton and .sowe;"vmaajb^ can >be useij^-^pr -experit^^^ 

T^' X-;/.:^: black../=..Pl'acfe;.. :5' bla.ck' rnprbl^^^and ', 5 

^'ry /:i:;-- ■ inside 'the carton.- ^ -Clop^ the lid, vturri'-the; carton. . upside dowi, . . 

■ ■^v^'^ "^ff;. allow the ra&rbles t^^ Flip -pie^.'^ open 'the . 

-lid. Record 'the ^ inform^ ion you 'are int^^'^s^ea']■^^^^^^^ the .number •• 

.: . .-. of, black 'iu&H^ies .. in hlBd]i{,^-pO(X^^^ etc '.'^ • • "^^'i^J^v'-; \'v r.,. 
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7> A' Pi-Qbability- Scale , 

When tossing two dice or. other regular'solids, it helps to /ons1;ruct a 
.y «' • . • .■ 

table for counting fiow -many ways, a certain .sum or product can be obtained. 

iVo cubes,! .:^or example/ give 'the following sums*. . • * , . 



■ v;V-' .Sums 



1^ 

..5 
. 6. 

.J. 

.9. 
id. 

•ii 

12 



= ■ ■ Possible Combinations ■ 

•(1,1) . ■ . •■ • / 

(l/2,),\."(2,-l)' • . . , 

..(i/b), '(2,2j;, (3,1)' 

'.{l,h), \2,3), (3,2); (1^,1) 

(1,5), (2,1^), (3,3), (i^,2), C5,l) 

, (.1>6)- (2,5), (3,1^,), Cl^,3), (5,2),. 

, , • (2,6), (3,5), i^^), (5,3), 

. ■ . . (3,6), (1^,5), (5,1^), 

/ • ■ (1^,6), (5,5), 

■ ' - ' ' ■ (5,6), 



4 



(6,1) 
(6,2) 

(6,3) 
(6,1^) 

(j5,5) 
(6,6) 

Total 



.Ifo. 'or Ways '- 
' 1 

• '3 . . . 

, ■ 5 . 
'6 . 

5 
3 

2 . . ■ 
1 • 

36 .' 



. « • ■. . . . ' ' - , .7 • . 

/•This infofma,tion can be -placed on two- number lines on strips. .of cardboarj^- 



^!i,as ih the sketch. 



' 1 2- 3 5 'y^' 

1 1 1 I I ^ r ' 




A i* ' ■•,• 


1 1 1 1 1 [ 

6 5' ^ 3 ,2 ; .1 



^hese two strips can be placed ;in pockets of a larger -piece of cardboard so 
that by sLidin^Hhe scares alorig, one quickly^ sees the number of possible 
combinations. Tbis figure shows the ..U... possible, combinations ^of . a sum of 



Ec-ales for o-^her solids^ .may" also be constructed. 



.•8, . Hexawhlrl " j. ■ • ' /Np... ' / 

This gadget works like, an old-fashioned button-oji-a -string toy. Cut .from 
. cardboard two. circles , with radios l| inches. 'In each, punch two. holes • just;" 
: big- enough to insert, a piece pT. strong string.. The hole/ should be punched- • 
'/•V^^-^^'.?^ diameters .:oft]^eVcircle, each - inch Trom the center. ^ (,Si^;:-\i 
X in .Figui*^eA. ^ * ' . 



'V". 




Make two or ^^/^^S^icfii hexagons using a . 2^ -inch radiUs for the. first, ' 
a 3-inch ra]^ii^$-^:f^^^ second, etc. Cut a hole with radius/' 1^ inches in . 
.the middle oif.^feach hexagon and number ihe sides 1 through 6 '. (Sefe 



Figure B. ) -*:' : 




B 






\J'se a strong string inches long.: Insert one end through a. hole in one of 

the Circle s,,. through the smaller^' hexagon, then the larger ,he^0lg6jl;-t^ . 
sure the; numbered sides face the same v;ay), and then fhroug$';)the other circle. 
'■iA^ve a loop of string beyond the circle and: insert the js^^^xri^^^^^^ ^ 
other hole' of the second circle, back througlj^^'-.fiie; larger hexagon, the smaller 
hexagon, .and tjie'-'fi^rst circle. Tie the ends^^^J^^th^ together -to make 

a second loop. M'just the. cardboaj:d pieces so. that the loops on. eaclr;,.side'' 
of the.vcoxISjiard are- the same length. There should be just • enoi^gh space 
between the circular pieces for the hexagons to.- turn on the string. Fasten 



the circles to. the string with Make an arrow on the circle V 

next. ,tp/ the' sr^a5^^ (See- Figure C;. ) .... 




o 



To^operate the hexawhirl, .hol4" a lobp- ..la eacl^and and swing the cardboard 
pieces around and around (25 or more -fe^nie^ until tlxe- loops of string are 
'twisted, j Pull the loops, until the 'twisting is undone, release to. allow : string 
to twist the other way, and pull again. With practice you can make the hex- 
agons spin rapidly between the circles.. Stop, and see which sides of the ; 
hexagons are in line with the arrow ( 2 on the smaller, 3 on the larger, 
for insta.nce). Experiment to f ind *out if the results are similar tp those 
obtained' by throwing two dice. . ' * 
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